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NOMENCLATURE 
- Mean arrival rate 
- Mean service rate 
�. - Utilizaiion factor 
M - Number of parallel channels 
N -Sample size, i.e. number of units 
n - Number of replications 
W
q 
- Mean Waiting time. 
CWq - Cumulative average of rrean waiting tirre 
Lq . - M�an queue length 
Clq - Cumulative average of mean queue length 
W - Mean time spent in the system 
CW Cumulative average of the rrean tirre spent in the system 
L - Mean number of units in the system 
CL - Cumulative average of the mean number of·units in the system 
CHAPTER I 
INTRO DUCT I ON 
\.. 
Many industrial. systems may be characterized as an arrival 
of some type of unit (such as sales orders, batches of raw material 
to be transformed into parts or broken machines) to a system of 
servicing stations*. In the service stations, the units are 
serviced in some manner. Thus, the sales order requires checking 
and preparation of additional paper work; the materials to be trans..: 
formed require the machines upon which the production process 
:takes place, and the broken machine requires the repair personnel. 
Waiting 'lines or queues may form due to 1 ack of contra 1 over either 
the rate of arri va 1 of the uni ts or the amount of service ti me 
required per unit or both. In many cases, the time interval 
between the arrival of units and the time to service the arrivals 
are not constant, but involve distributions of times from which 
values randomly occur. 
The solution to a queueing problem is essentially economic, 
leading to a balance between the cost of waiting for the unit, and 
the cost of idle time for the service stations in the system. The 
cos ts associated with waiting ·may include the 1 oss of customers 
(if they must wait) as \'/ell as in-process inventory costs such as 
*A partial list of the tenns used in Queueing Theory and 
Simulation is given in Appendix A. 
storage, handling, depreciation, and deterioration. The idle 
time cost includes the fixed cost of the facility for the non­
productive period. However, before the economic evaluation can 
be made, the system must be described in terms of the variables 
of the queueing systems, and the possible decisions articulated. 
In general, six variables must be ascertained. These are: 
1 .  Population size 
2 
2. System configuration, i.e. series and/or parallel channels 
of service stations 
3. Maximum queue length before each station 
4. Queue discipline 
5. - Interarrival time distribution 
6. Service time distribution 
Some of the possible classificiations for each of these 
variables are shown in Figure 1 . 1  [1].* Rigorous statistical 
equations have been developed for specific cases for many of 
the combination of variables in Figure 1 .  1 .  However, many 
realistic problems are too complex to be solved in a satisfactory 
.manner by the application of queueing theory and the resulting 
statistical equations. Because of the difficulties inherent in 
the mathematical derivations of the more complex queueing situations, 
another approach must be found. One solution is to simulate 
the system. 
*The number in the bracket is the reference number. 
1
�_9.RUl ati on 
: r----·- .--·-· -·-·-·] i; 
h Finite 
. i-.. ---�---, .. - .... 1 
I 
I ! 
I 
I; I I 'I 
'-1 Irifi ni te i 
! --·. .----l 
Station 
,Configur9tion 
1 
I . 1 
I 
Single :-! 
. ! l -�-·---• ·•••.•-·  . ; 
I r---�-·-"- -�---�·"! l 
I I., __ ! 
Queue Len.9th 
l I i-1 
, : Zero 
! ___ _ __, 
L, 
,. I 
I Seri es 11' ! 1__________ ___ 1 ! l ----r 
IN;:o:f--,, 1
1 1,•l Finite I 
,Channels ___ , 
.- • f-
l I per stat, ori, l '···----------' 
I -- ·1 I , r-1' Single l 
! 1-----' 
I 
i I I I 
t-1 ;-., 1Multiple 
. ------- 1 
,--- -
I 
; ' 
F • • 
I I 
I ,mte Ii 
Infinite 
I l I 
I 
i 
! _ ; 
I 
Infinite 
Queue Interarrival Time Service Time 
Distribution Distribution n; . 1 · �.S .C.lP.. J_ne. ----···-··-
I i First cone, i-, r-· L_f j_f_�� .. serve __1 I 
l r·-·-· ·------·-- ·-· -· ···- -, I 
�--
! Random r-·, : L .. .... . . . .. . ... . , ..... --··· .. ,,. ., l 
i -----
.
. --------, I 
! I • . I ! 
--·1 Pr, or, ty n 1 �- ...... , ··-"••---" -- • ,_ __ _ i I I 
I l 
1-·-
-
-··------ i i 
(-!Two Priority H l 
I '-·•· -•--·---- j i 
! ii 
I : ,----- ---, : l 
! I 
F. • t I 
; ' 
�-:____ 1 n, e i-! i 
I I I ! r ----� )A 
:--L_���ti nuous r: ! 
• I 
l .---- ·----·--·------ i 
�--l Head of Line �! 
I L ______ __ _  _. I 
' I 
I ____ i 
I 
•···-···· ..... ' I 
--�_f!eempti ve 
f I 
:-1 Resume : L_ .. ---·-·-·-·-··-------l 
: r-- - ·----
; I 
:--T ____ Repe_at __ 
; ____ ., __ .
I 
I 
,------- -- -- r· ! ,-- . -
\ r--· I ; i I 
j- : Constant \ H Constant 
I i 
! 
I I�-·-, ___ _,_,..,.,.,,......,...,,.., i rs• .......,........__.r�-..,..,-, � ... "' .. 1 
j I i l I I 
;-j Erlang i G Erlang 
J ---�-- • ' I 
' I 
I 
\ 
I I 
1 
�- Exponenti a 1 
i I __! 
I 
l 
; U Hyper- I 
1Exponenti a11 
i i E t· 1 i7 xponen , a ! 
! ' _  , 
\ 
; j Hyper- ... l 
(\ 
I 
. l_Exponenti al l 
i I l I ;1 ___ _p�Ji ent r! Renegi "Q. _ _! I -I .-------, I 
! 1 I .... t ' 1 I B lk" 1 --, mpa""C1 en ;' ·-·-1 a ,ng ! 
··--- .. --.. --;--·-- ___  ____; ,_ _ ___ :___i 
Figure 1.1. Variables in Queueing Situations 
w 
One definition of simulation is: "The design and operation 
of a model of a system. Commonly implies the use of a computer, 
programmed (and/or designed) t� accept selected inputs, to treat 
those inputs in a manner ana 1 ogous to the \'Jay the rea 1 sys tern 
operates, and to read out measurements of the status and chanqe 
results of the programmed operations affected by those inputs. 
Simulation methods may be used to control a system or process 
directly, to aid in establishing plans for the operation of a 
sistem, or to obtain insight and knowledge· useful in the design 
or modi fi cation of a sys tern. 11 [7]. 
4 
Queueing simulation can be described as the development of 
,hypothetical history. For the simple single station system, 
1
interarrival times are,detennined-frequentlywith the aid of a 
pseudorandom number generator, from the knovm rrean interarrival time 
and the distribution of those times. Similarly, the service 
time for each unit is established. By reference to a "clock", 
the time at which a unit enters the system, the time at \'lhich it 
enters the service facility, and the time at which it leaves the 
system are recorded. The simulation is continued either for a 
specified period of clock tirne, or until a desired number of units are 
generated and studied. 
Digital queueing simulation can be carried out in two 
different ways - event-sequencing and time-slicing. In essence, 
the program is the same but the procedures for collecting the 
·data on statistics are different. 
In the event-sequencing method , the time of occurrence of the 
·various events are recorded where an event is defined as a change 
in the state of the system. The simLllati on program proceeds from 
one event to the next , maintaini ng a record of the system state 
5 
at all times along with a record of the elapsed time beb,een 
events. This method basically keeps record of each and every event 
occurring during the entire period of simulation. Though it is an 
advantage of having the \<Jhole hi story of simulation recorded , it 
will be cumbersome and inconvenient when a large number of units 
are likely to be in the system at one ti me. 
In the time-slicing method, the proqram again precedes as 
for the event sequencing , but some or all of the statistics are 
maintained by sampling,the system at specific times rather than the 
keeping of continuous records. In this type of simulation, 
some information is likely to be lost. If , for example, an event 
occurs between two successive sampling points , the exact time 
of occurrence is not known. The program assumes that it occurs at 
either the previous or the following sample point. For fixed 
intervals , an average bias of one half of the interval i s  introduced. 
If the sampling interval is made smaller, the error introduced 
becomes smaller. The event-sequencing program may also be considered 
as the time slicing program with infinitely small sampli ng interval. 
These two methods are best shown by an example of a simple case: 
6 
Repair orders arrive with a Poisson rate of arrival distribution 
and a mean of 3 per hour. The length of time taken to perfonn 
the repair· function has an exp'onenti al distribution, with a mean 
time. of 15 minutes. · · 
let 
Then, 
The re-fore, 
A , avera-ge arrival rate = _3/hour 
r , avera ge service rate = 4/hour 
since --' = 15 minutes 
t'-
RT= rando_mly-selected interarrival time 
ST_= randomly selected service time 
RN =· Random Number 
RN= e 
RT = � · l"' -1-- -/\ ({.N 
Simi 1 arly, ST = _\ b, --I . 
t" . RN 
For each unit, a random number is generated to get the inter­
arri val time and another ·to get the service time. Twenty-five uni ts 
. are simulated through a single service facility. Table 1.1 shows 
the data collected by using the event-sequencing rrethod and Table 
1.2 shows the data obtained by using the time-slicing methods. 
The statistics that are ca_lcuJated from these data are: 
l. Average waiting time for a uni-t - W q 
_2. Average time a unit spends i n the sys tern -. �J 
3. Average queue length - Lq 
4. Average numbers of uni ts in the system - L 
Table 1.1 
Simulation results of 25 units by event-sequencing method 
Time of Time of Total 
Cumulative Random Interarri va 1 Arrival Waiting Random Service Entering Completion Ti me I.n 
Arrivals Number Time Time Time Number Time Servite �f Service System 
1 0.09 0.80 0.080 o.oo 0.98 0.01 0.80 0.81 0.01 
2 0.54 0.21 1.01 0.00 o. 70 0.09· 1.01 1.10 .0.09 
3 0.43 0.28 1.29 o.oo 0 .39 0.23 1.29 1.42 0.23 
4 0.73 0.11 1.39 f
f
.13 0.05 0.76 1.52 2.28 0.89 
5 0.49 0.24 1.63 0.65 0. 77 0 .07 2.28 2. 35 0.72 
6 ·O. 34 o. 36 1. 99 0 .36 0 .1 6 0.45 2.35 2.80 0 .81 
7 0 .67, 0. 14 2. 13 0 .67 0.10 0.57 2.80 3.37 1.24 
8 0.95 0.02 2. 15 1.23 0 .14 0.50 3.37 3. 87 • 1 .  73 
9 0.73 0.11 2.25 1.62 0.89 0 .031 3.87 3.90 1.65 
10 0.78 0.08 2.34 1.56 0 .13 0.52 3.90 4.42 2.08 
1 1  0 . 13  0.68 3.02 1.40 o. 74 0.08 4.42 4.49 1.47 
12 0.78 0.08 3. 10 1.39 0.28 0.32 4.49 4.82 1. 71 
13 0.52 0.22 3.32 1.49 0.04 0.78 4.82 5.60 2 . 27 
1 4  0 .10 0.78 4.1.0 1.49 o. 77 0.07 5.60 5.66 1.56 
15 0.91 0.03 4. 14 1.53 0.22 0.38 5.66 6.05 1.91 
1 6  0.60 0. 17 4.30 1. 74 0.37 0.25 6.05 6.29 1.99 
17 0.42 0.29 4.-59 1. 70 0.30 0 .30 6.29 6.59 2.01 
18 0 .11 0. 75 5.34 1.26 0.45 0.20 6.59 6. 79 1.46 
1 9  0.82 0.07 5.40 1.39 0.98 0'.01 6. 79 6 .80 "' 1.40 
20 o. 98 0.08 5.41 1.39 0.86 0.04 6.80 6.84 1.43 
21 0.47 0.25 5.66 1.18 0.35 0.26 6.84 7. 10 1.44 
22 0.01 1.57 7.23 o.oo 0.35 0.26 7.23 7.49 0,26 
23 0.84 0.06 7.29 0.20 0.99 0.01 7.49 7.50 0.21 
24 0.97 0.01 7.30 0.20 0. 74 0.08 7.50 7.58 0.27 
25 0.22 0.50 7.80 0.00 0.57 0 .14 7.80 7.94' 0 .14 
" 
8 
Table 1.2 
Simulation results of 25 units by time-slicing method 
Clock Time of Cumulative Number Number Waitinq Total 
Time Next Arrival Arrivals In Sxstem In Queue Time Time 
o.o 0.23 1 1 0 0.0 0.378 
0.50 0.52 3 2 .1 0.0 0.378 
1.00 ·. 1.05 9 5 4 0.215 0.471 
1.50 2.25 12 7 0.469 0.635 
2.00 2.25 1 2  6 5 0.450 o. 07. 
2.50 2.96 15 5· 4 1.222 1.516 
3.00 3.57 16 5 4 1.475 2.135 
3.50 3.57 16 4 3 1.006 1. 381 
4.00 4.10. 1 7  3 2 1.228 1.386 
4.50 5.16 21 5 4. 0.46 9 1.436 
5.00 5. 16 21 4 3 0.900 1.211 
5.50 5.55 23 5 4 0.900 1 • 21 1 · 
6. 0 6.27 25 1 6 1.07 1. 769 
The stati sti cs are calculated as follows: 
Wq = � (wai ti ng ti me ) 
Number of servi ces 
W = � (Total ti me i n  system) 
Number of servi ces 
L = � Yi Pc-n) 
where fl,.,,> i s  the state probabi li ty and 
= 0,1 ,2, 
L = L - � q 
For thi s parti cular case, sati sfactory mathemati cal equati ons 
are readi ly avai lable for the desi red stati sti cs [9]. 
Average wai ti ng ti me for a 
w � = t" C t--- -�) q 
= 3 
4(4_-3) 
= 0. 75 hours 
Average queue length, 
= ?t Lq r ( ,-..-A) 
= 9 
4(4-3) 
= 2.25 
uni t, 
Average ti me a uni t  spends i n  the system, 
w = r-1\ 
= l ---
(4-3) 
= 1 hour 
(1 . 1 )* 
(1 .  2) 
(l. 3) 
*The equati ons 1 . 1 through 1.4 are from reference 9. 
9 
Average number of uni ts i n  the system , 
L = r - 1\ ( 1 . 4 )  
= 3 
4 - 3  
= 3 
A compari son of the results obtai ned from si mulati ons and 
that from mathemati cal equati ons i s  gi ven · i n  Table 1 . 3. 
Simulati on results di ffer from mathemati cal ones by a large 
percentage. The reas on for such a difference i s  that the data 
i n  Table · 1 . 1  and i n  Table 1 . 2  are small samples of the s i mulated 
uni verse. Si nce thes e . samples are very small , i t  i s  not 
surpri s ing that i t  gi ves results \•1hi ch di ffer by a consi derable 
amount from the true values obtai ned by usi ng the mathemati cal 
equati ons . 
The convergence of the sample average towards the true 
value i s  called s tochas ti c convergence and i s  ve ry slow i n  
nature. A rreasure of  the amount of random fluctuati on i nherent 
i n  any s ample value i s  i ts standard devi ati on. If s i s  the 
s tandard devi ati on o f  a si ngle observati on, and s i s  the 
s tandard devi ati on o f  the average of n observati ons, then IS�=- � -
VV1 
1 0  
1 1  
Thus the standard deviation of the average is inversely proportional 
. to the square root of the sample s ize. To reduce the s tandard 
deviation to one half of its initial value, the s ample s ize 
mus t  be four times as large as the orginal sample . Because of 
the s lowness of  the s tochastic convergence, increase in sample 
size is not 1 i ke ly to be the optimum approach . 
Table 1 . 3 
Comparison of s i mu 1 at ion results with mathematical res ults 
M=l 
� =0 . 75 
Method Wq Lq w L 
Mathematical 0 . 750 2 . 250 1 .  000 3 . 000 
Event-Sequencing 0 . 90 3  3 . 320 1 .  1 59 4 . 028 
Error 20 . 4% 47 . 5% 1 5 . 9% 34 . 2% 
Time-Slicing 0 . 82 1  3. 538 1 .  1 5 1  4 . 538 
Error 9 . 6% 57 . 2% 1 5 .  1 % 51 . 3% 
The s ample s i ze req ui red to give acc urate estimates of the 
. q ueuei ng statis tics may be �iffe rent for di fferent q ue ueinq 
situ ation s .  Some of  the factors a ffecti ng the es ti mate-s may be : 
1 .  Inte ra rri val time di stri b ution and  se rvice t i me 
dis t ri b uti on 
2. N umber of ch an ne 1 s 
3 .  Utilization facto r 
· 4. Trunc at i on o f  the func t i on for zero value . 
For a given mode 1 the fi rst two factors a re fi xed . S i  n ee 
the. s i mulation starts f rom i n i ti ally idle condi ti ons (ze ro units 
'in the sys tern) , the re wi 1 r be a trans i ent pe ri od before the 
system reaches i ts lon g  tenn me an ·values . All ,of thi s s ample 
( dat a in Tables 1 . 1  o r  1 . 2 )  may rep resent the t rans i ent peri od . 
Morse [ 8] , in the , ch apter , 1 1 An Example of T rans i ent 
Behaviour"  has di sc us sed the t ran sient pe ri od for one ch an nel 
exponential sys tem. He defines the te rm " relaxation time 1 1  as 
the time for the tran s i ent to di e down to (1 /e) of its initi al 
v alue .  For the case  \'Jhere a lon g q ueue is allowed , he h as 
shown th at the relaxat i on time is app roxi ma tely 
I f  it = 3/hour , an d p. =4/hour , the rela xation ti me 
will be eq ual to 1 3. 9  hours . 
1 2  
In terms of the arri ving units, the transient reaches 1 /e 
of i ni tial value afte r 41. 7 units. If a value of (2/e) will 
reduce the transie nt s uffi ci e ntly , then the entire sample in  
Table 1.1 and Table 1 . 2  i s  from the trans i ent pe riod. Furthe r, 
i t  may be seen that the trans ient µ·eri od wi 1 1  be 1 ong whe n the 
uti lization facto r i s  near one (A � r) · .  Hence, large r 
samples are requi red for higher utilization factors ,  i f  the 
trans i ent pe riod must  be included. 
When the inte rarri val time distribution and the s e rvice 
ti me di stributi on are other than the constant time distributi on, 
the inte rarrival time between t�·m units and the s e rvice time of 
a unit may have a ze ro value too. In practice, it i s  impos s ible 
to have a zero s e rvi ce time thougn it is pos si�le to have ze ro 
i nte ra rrival . time in cases such as bulk arrivals . The refore, 
by us i ng a ze ro-truncated approximation to a dis tribution , the 
resul ts wi 1 1  be in e rror. The pseudorandom number  s ub routine 
used by Gould [ 4 ]  gives un ifonnly distributed random numbers 
between . 00 00 0 0 1  and . 9999999. Therefore, the distribution 
i s  truncated. The ge ne rator truncation is only 1 part in 10 
mi lli on and hence the e rror is  ne gligible. 
Furthe r, i n  the Table 1 . 3, it may also be s een  that the 
pe rcentage of e rro r i s  diffe rent for the various statistics . 
This may mean that diffe rent s ample sizes  wi 1 1  be required for 
2 � 6 8 9 8  � 
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1 3  
di fferent stati stics to obtai n the same degree of accuracy . 
. Very 1 arge samples, even on high speed digi tal computers , tend 
to be expensive to obtain. Hence, it is des i rable to determi ne  
the minimum sample size whi ch wi ll give reasonable results for 
the stati stics in volved . 
1 4  
CHAPTE R  I I 
L I T E RATU RE REV I EW 
Wi th the growing use of simulation , one would expect a 
body of literature about the mi nimum sample size for statistics . 
In fact, there are relati vely few publicati ons i n  the area of 
esti mati ng the sample s i ze requi red to ob'tai n si mulation results 
wi thi n a desi red de gree of accuracy and for an establi shed 
confidence l evel .  Of these, only a few deal with rrethods appl i cable 
to queuei ng problems . No geneFal sol uti on whi ch will gi ve 
sati sfactory resul ts for all of the statisti cs was found . The 
methods and equations found i n  the li terature are appl i cable 
;only for a si ngl e stati sti c and for a li mi ted queue i ng system. 
Hammersely and Handscomb [5 ]  di scuss a number of Monte-Carlo 
techni ques. · Some of them are strati fied sampli ng , control variates ,  
and antitheti c vari ates. They have stated that a greater re ducti on 
i n  the vari ance of the esti mate wi l l  be achieved for a gi ven sample 
si ze i f  any of these Monte Carlo techniques is used . However , the 
appli cati on of these techni ques to que ueing systems i s  not di scussed 
and has not been  found i n  li te rature. Al l of these techniq ues are 
descri bed i n  connecti on wi th their appl i cati on to nuclear physics. 
Ehrenfeld and Ben-Tuvi a [ 2]  enumerate a number of methods 
for i mprovi ng the effi ciency of stati sti cal simulati on of complex 
systems. Effici ency i s  defi ned as the rati o of the percentage 
reducti on i n  the volume of sampli nn req uired to attai n a fi xed 
confidence as compared to the vol ume of completely random sampli ng .  
Thus, if NR is the vol ume of sampli ng req ui red fo r the s tanda rd 
me thod of random sampling, the NM i s  the volu_me of sampli ng 
req uired fo r some alte rnati ve rre thod of sampli ng , then the 
. e fficiency o f  the al ternati ve rre thod i s  defi ned as l00 (NR-N1,1 ) /NR 
pe rcent. 
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Eh renfeld and Ben-Tu vi a di sc uss the use of sampli ng techniq ues 
such as : p roport i onal sampl i ng , fi xed seq uence sampli ng , 
importance sampli ng, and the use of concomi tan t  informa ti on to 
obtai n acc urate resul ts . The ef fi ci ency of  the si mulat i on can be 
inc reased th ro ugh the_ adaptati on of expe ri mental desi gn p ri nc i ples 
if ·any quali tati ve knowledge surroundi ng the p roblem a re a  i s  known . 
For  e xample, in the case of  esti mati ng the rre an \'Jai ti ng t i me , it  
is knm·m that the rre an waiti ng ti me wi ll be large i f  the servi ce 
times are l a rge and the inte ra rrival ti mes are small . In the 
end , they h a ve ind i c ated the use of the p revi ously rr.€nti oned 
sampling techniq ues for esti mating the rrean wai ti ng t i me alone . 
Healy [ 6 ]  h as a rri ved at a se t of relati onshi ps to calc ulate 
the sample size wh i ch would gi ve an acc urate and reli able esti ma te 
of  L, the me an numbe r of units in the system . He  de fi nes acc uracy 
and reli ability as : Acc uracy i s  the closeness with whi ch the esti mate d 
v al ue app ro aches the t rue val ue ; and Reliabi lity is the de gre e  of 
confi dence wh i ch may be placed i n  the esti mated val ue. 
Healy used a si ngle ch annel se rvi ce stati on wi th an i nfi ni te 
q ueue , and fi rs t come , f i rs t se rve q ue ue di s ci  p 1 i ne as h i s  mo de 1 . 
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The rate of arrival is Pois son and the service time di stributi on is 
_exponenti a 1 • He has drawn two graphs deve 1 oped from the sets of 
relationships he derived. These' graphs, s hown in Figures 2. 1, 
and 2.2 ,  show the mi'nimum s ample size ( N) as a function of the 
utilization factor \ and a factor ( Z) related to the rate at 
which .sample observations are ·made. _Sample observations are . taken 
at a rate of A z  where A is the arrival rate. For Z=l, the rrean 
number in the sys tem is coun ted immediately after every arrival. 
For Z=l/2 the number in the sy�te� is counted only after every other 
arrival. One may note that he is using the random time period 
time-slicing technique. In Figure 2.1 ,  for f =0. 7 5 and Z=l, a 
sample of approxi mately 20,000 is required. That is, at least 
20 ,000 arriving units must be simulated. On the other hand, for 
� =O. 75 and sample observations taken immediately after every other 
arrival (i. e. Z=l/2), the system will be sampled approximately 
12,000 times or that at least 24,000 arriving units must be 
·simulated. The size of s ample required is highly dependent upon 
the degree of accuracy and the specified reli ability. If one or 
both of these requirements is reduced, the s ample size is also 
reduced. 
Gafarian and Ancker, J i. ,  [3] have discussed the s amplin� 
interval used in the time-s·licing program . They define efficiency as 
. A "" 
the ratio. 9 2 / e ,  where 
61 = variance of the estimate of the rrean in the case of 
event-sequencing method and 
8 1 = var1 ance of the estimate of the mean · ; n  the case of 
ti me s 1 i c i n g me th o d . 
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The ti me-sli ci ng i s  effi ci ent when thi s rati o i s  near one. 
They have shown that for any reasonable effi ci ency (say > 0 . 90 )  
an d for practi cally any sample si ze, the sampli ng  i nterval t must 
-be l ess than the constant 1/c, whi ch i s  di fferent for va ri ous 
si tuati ons. For a sys tern wi th the ·f o 1 1  owi ng  attri butes: 
1 -. si ngle channel 
2 .  i nfini te queue an d populati on 
3. e xponenti al i nterarri val ti me di stri buti on wi th a mean 
of I T 
4. exponenti al servi ce ti me di stri buti on wi th a m�an 
of -1-
The sampli ng  i nterval t should be less than 1 /c where 
+ � 7l / c r - �) 2-
t < [_;\ /C r - A)°j 
20 
Therefore usi ng such a calculated value of t, a better esti mate 
may be obtai ned. 
They have also di scussed vari ance reducti on techni ques for 
both ti me-sli ci ng  and event-sequenci ng programs. A reducti on i n  
the vari ance of the esti mate o f  a stati sti c can be obtai ned by 
any of the fo 1 1  m·li ng rrethods. 
1. Usi ng a srialler sampli ng i nterval 
2. Increasi ng the sample si ze 
3 .  Increasi ng the number o f  repli cati ons . 
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As it was described  e arlier , a reduction in the sampling 
.� nterval beyon d a cert ain p oi nt (�) wi ll not incre ase the e ffi ci ency 
(reduce the variance ) to a great extent. I t  is sho\'/n th at 
replic ation gives the ma ximum reduction i n  the variance. However , 
Gafarian an d Ancker do not in dic ate the optimum number of replications 
or the- sample size o f  each replicati on. Hence , it is necessary to 
determine the optimum n umber of repli cations an d the sample size 
for each replic ation. 
This survey of  literature indicates th at considerable rese arch 
nee ds to be done in this area. It  would be desirable to estimate 
the ·minumum sample size - number of replic ati on s  req uire d to get 
simulati on results to a given degree of acc uracy. 
CHAPTE R  I I I  
MODEL AN D P ROCEDU RE 
The purpose of thi s research i s  to i nvesti gate the sample 
si ze-replicati on co�bi nati on whi ch will gi ve accurate and reli able 
esti mates of the queuei ng stati sti cs . A number of queuei ng si tuati ons 
wi ll be si mulate d an d the statisti cs will be esti mated. These 
estimates wi ll be cor:ipared wi th the true values for accuracy an d 
thereby the mi ni mum sample si ze-repli cati on combi nati on wi ll be 
foun d for the desi red accuracy._ 
Computer programs for si mulati ng que uei nq systems can be 
written in any one of the well known general-ourpose compi ler lanquages 
such as FORTRAN , ALGOL, OR PL/1 . I n  addition, a n umber of spe ci ar 
purpose si mlati on or macro lan guages have been de veloped in the 
recent years . . Some of them are GPSS , S I MSCRI PT, GASP,  S I MPAC, 
DYNAMO an d S I MULATE. Although these lan gu ages si r.ipli fy the task 
of wri ti n g  si mulation programs, they are avai l�bl e only for computers 
that have greater capaci ty than the locally avai lable I BM-360/30 
computer . 
A number of si mulati on programs wri tten i n  Fortran I V  are 
avai lable through pri vate fi les. Of these the one whi ch most 
closely fits the desi red output was wri tten by Gould [4]. Hi s model, 
wri tten in Fortran I V  was therefore used with some mi nor chan ges.* 
The capabi li ti es of thi s. program are shown i n  Table 3. 1 
*A listi ng of the program i s  gi ven i n  the Appendi x of Re fere nce 1 .  
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Figure 3 . 1 gives a general de.scription of the experiment. 
Thirty replications will be made with 1 000 units in each. Di ffere nt 
seed random numbers wi 1 1  be use d  for different combinations . For 
different values of · the utilization factor, f , different values 
of the rrean s ervice rate , r- wi 1 1  be us ed by keeping the mean 
arrival rate i\. at a constant value of 5 per time unit. The 
number of replications (30 ) is arbitrarily chos en with the hope that 
it will be pos sible to obtain estimates accurately with this 
many replications .  The statistics will b� e s timated at the end of 
thirty replications.  These  wi 1 1  be compare d with the the ore ti ca 1 
values  obtained from the relations determined by queuei ng theory . 
No. 
1 .  
2. 
3 .  
4. 
5 .  
6. 
7. 
Tab le 3. 1 
Capability of Go�ld ' s  program 
Factor 
Number of parallel channels 
Type of queue 
Interarrival time distrib ution 
Service time distribtuion 
Queue discipline 
Maximum number of units per run 
Maximum number of replication 
Capabi 1 i ty 
ten 
finite as well as 
i nfi ni te 
a. exponenti a 1 
b .  cons tant 
c .  ten celled 
his tog ram 
a .  exponenti a 1 
b .  constant 
c. ten celled 
histogram 
first come, first s erve 
999 
thirty 
. 7  
----- · ...--�---- ................ ,_._ .. ,__ ---
. 5  
� 
N = 1 000 
n = 30 
Figure 3.1 .  Possible combinations of the general 
_experiment. 
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A more detai l ed study wi 1 1  be made on two si tuati ons , namely 
si ngle channel and three paralle l channel cases , wi th an uti l i zati on 
factor of 0. 5. Thi s detai l ed study i s  to i nvesti gate the effect 
of rep l i cati ons of s pecifi c sampl e s i zes on the esti mates of the 
stati sti cs .  It i s  seen from Fi gure 2. 1 that the number of arri vi ng 
units ·requi red to gi ve  accurate esti mates are i n  the order of 
thousands . Si nce repli cati ons are goi nq to be · made , s amp l e si zes 
i n  the order of hundreds are selected. Selected are 1 0 0, 200, 
400 ,  600 , 800, and 1 000 arri vi n g  uni ts per repli cati on. A 
maximum of thi rty repli cati ons are s elected as adequate for each samp l e 
s i ze .  A pi ctori al descri pti on of thi s porti on of the e xperi ment can 
be s een i n  Fi gure 3. 2 .  
The cumulati ve average of the esti mates of the stati sti cs 
wi ll be plotted. The theoreti cal values of the stati s ti cs wi l l  be 
calculated wi th the h elp of the mathemati cal equati ons . Th e cri teri a 
are to obtai n esti mates wi thi n +lOJ; of the theoreti cal val ues wi th 
95% confi dence on the se  esti mates . The cumulati ve a verages of 
the esti mates at the end of 5, 1 0, 1 5, 20 , 25  and 30 repli cati ons 
are of parti cular i mportance. The procedure for attai ni ng a 95% 
confi dence i s  s hown by an e xamp l e. 
For the case  of a si ng l e  exponenti al channel wi th an uti li zati on 
factor of 0. 5, the mean number of uni ts i n  the system i s  l . 000. 
Therefore, for a + 1 0% accuracy , 
upper li mi t = 1 .  1 0 0 
lowe f li mi t = 0. 900 
-- ------·--·--- - ---------- -·---,-·- ... - - ·-·-.. - -- - - - - -- - - - - - - · - - ·  - - - - -· - · - - - -- - - - -- - - - - • -. -- .. - - - ---· · . - - �  J 
M=l 
1 000 J � 3 
800 
400 
Stati sti cs - _wq
, Lq, W, L 
Uti li zation factor , f , = 0.5 
30 
25  
Fi gure 3.2. Poss i ble combi nations of the detail e d  
e xperi ment . 
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Ten rep l i cati ons of 1 000 uni ts each gi ve a val ue of 0 . 9 98 for 
·the cumu l ati ve average of the es ti mate of the rrean number of uni ts 
i n  the system. The standard error of thi s average has been cal cu lated 
·givi ng a val ue of 0.-1 42. I t  is as sumed that the e sti mates obtai ned 
from repl i cati on s \'li l l  be normal ly di s tri buted. To have 95% confi dence 
on the accuracy of the cumul ati ve average, l . 96 6 s pread of i ts 
di stri buti on shoul d be wi thi n the +1 0% l i mi ts .  That i s ,  
( 0 . 998 + 1 .  96 X O . 1 42) � l .  1 00 
and (0. 998 - 1 . 96 x 0. 1 42) > 0. 900 
Thes e  i nequal i ti es do not hol d, and thi s cas e has not nE t the 
requi rement. 
Further, Student ' s  ' t l tests wi l l  be conducted on the se  
cumul ati ve averages of  the es ti mates t o  fi nd out whe ther  they are 
stati s ti cal ly  same as the theoreti ca l va l ues . I n  es sence , the 
nul l hypothe si s wi l l  be tes ted. 
Ho: the cumu l ati ve average = the oreti ca 1 vl aue 
o<. = l eve l of s i gnifi cance (chosen) 
= 0 . 05 
t = cumu l ati ve averaqe -theoreti ca l val ue 
s tandard error 
I f  the cal cu late d val ue of t i s  les s  than the theore ti ca l 
val ue, then H0 is accepted ; othe r,..,i se  rejecte d .  
CHAPTER I V  
RESULTS 
Si mulati on runs were made on a number of combi nati ons of 
uti li zati on factor, sample s i ze ,  and repli cati on for the system 
confi gurati ons as i ndi cated i n  Chapter I I I . The esti mates of the 
s tati sti cs were collected for each repli cati on and the ave rages 
of these  esti mates are calculated. Table 4. 1 s h ows that results 
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of the si mulati on runs for the system confi gurati ons shown i n  F i gure 
3. 1 .  Theoreti cal values of  the stati sti cs were calculated as 
shown - i n  Appendi x  B. These values are i �cluded i n  Table 4. 1 ,  and 
the percentage error i n  s i mulati on res ults are als o  i ndi cated. 
In most cases,  the e s  ti mates show a + 1 0% accuracy. The ref ore , 
thi rty repli cati ons wi th 1 000 uni ts i n  each are suffi ci ent to 
obtai n e s ti mates wi th thi s speci fi ed accuracy . Further, i t  i s  
seen that i n  many cas es  the percentage error i s  zero . Therefore , 
smaller si ze may be adequate to achi eve + 1 05b accuracy. 
The cumulati ve averages of the esti mates of the s tati s ti cs 
obtai ned from larger sample s wi ll be  more accurate than those 
from smaller samples .  The e s ti mates o f  the four stati s ti cs 
obtai ned from each repli cati on and the currulati ve averages of  the 
repli cati ons for the confi gurati ons shown i n  Fi gure 3. 2 are gi ven 
in Appendi x C from page 56 to page 6 7. The cumulati ve averages are 
shown graph ically against repli cati ons for each sample s i ze i n  
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Table 4. lA 
N=lOOO n = 30 
MEAN WAI TI NG T I ME Hq 
M 1 2 3 5 10 Meth od 
Mathematica 1 0. 026 0.0 1 2 0.006 0.002  0.000 
0. 3 Simulation 0. 025 0.0 1 2  0.006 0.002  0.000 
Error by 
Simulation - 3. 9% 0.0% 0.0% 0 .0% 0.0% 
Mathematical 0. 1 00 0.067 0.047 0.026 0.007 
0.5 Simlation 0 . 1 00 0.066 0.048 0.027 0.007 
Error by 
Simulation 0.0% -1 .5%  +2. 1 % +3. 9% 0.00% 
Mathe ma ti ca 1 0.327 0. 269 0. 2 30 0 .1 76 0 . 1 04 
0. 7 Simulation 0.357 0. 260 0. 21 2 0 . 1 75 0 .· 1 06 
Error by 
Simulation +9. 2% - 3.4%  -7. 8% -0.6% +2'.0% 
Tab le 4. 1 B  
MEAN QUEUE LENGTH Lq 
M 1 2 3 5 1 0  
Meth od 
Mathematical 0.1 29 0.059 0 .030 0.009 0.001 
0.3 S imulation 0 . 1 50 0.064 0 .031 0. 007 0.001 
Error by 
Simulation +1 6. 3% +8.5% +3. 3% - 22. 2% 0.0% 
Mathematica 1 0. 500 0. 333  0.2 37 0 .1 30 0 .0 36 
0.5 Simulation 0 . 54 1 0. 338 0 .241 0. 1 32 0 .030 
Error by 
Simulation +8. 2% +l . 5%  + 1 .7% +l. 5% - 1 6.7% 
Mathematical 1 . 6 33 1 .  345 1 .  1 49 0. 882 0.5 1 8 
0. 7 Simulation 1 .  837 1 .  297 1 .064 0 . 86 9  0.522 
Error by. \ 
Sirnul ati on +1 2.5% - 3 .  6% -7. 4 %  -1 . 5% +0. 8% 
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Tab le  4 . l C  
MEAN TOTAL T IME SPENT I N  THE SYSTEM w 
M -=- 1 2 3 5 10 
Method 
Mathemati cal 0 . 086 0 . 132· 0 . 186 0 .  302 0 . 600 
0 . 3  S i mu l  ati. on 0 . 085 0 . 134 0 . 188 0 . 30 3  0 . 600 
· E rro r by 
Si mu l ati on +l . 2% · · +l . 5% . +1 . 1  % +0 . 3% 0 . 0% 
Mathemati cal -o . 200 0. 26 7  0 . 347 0 . 526 1 . 00 7  
0. 5 Si mu l ati on 0 . 20 1  0 . 265 0 . 348 0 . 5 28 1 . 00 7  
Error  by 
Si rru l  ati on +0 . 5% -0 . 8% +0 . 3% +0 . 4% 0 . 0% 
Mathemati cal 0 . 46 7  0 . 547 0 . 650  0 . 876 1 . 504 
0 . 7  S i niu l ati on 0 . 498 0 . 541" 0 . 6 29 . · O  . 872 1 .  511 
· Erro r  by 
. S i m.u l  ati on +6 . 6% . _ - 1 . 1% - 3 . 2% -0 . 5% +0 . 5% 
Tab l e  4 . 1D 
MEAN NUMBER I N  THE SYSTEM L 
M = 1 2 3 5 10 
Meth od 
Mathemati ca 1 0 . 429 0 . 659 0 . 9 30 1 .  509 3 . 00 1  
0. 3 Si mu l ati on 0 . 505 0 . 6 89 0 . 9 39 1 .  504 2 . 949 
Error by 
Si mu l ati on . +17 . 7% +4 . 6% +l . 0%· -0 . 3% - 1 .  7% 
Mathemati cal  1 . 000 1 .  333 1 .  7 37 2 . 6 30 5 . 0 36 
0 . 5  S i mu l ati on 1 ·• 087 1 . 354 1.  75 3 2 . 6 28 4 . 977  
Erro r  by 
Si mul at i on +8 .  7% +l . 6% +0 . 9 %  _ -0  . 1  % - 1 . 2% 
Mathemati cal 2 . 333 2 . 745 3 . 249 4 .  382 7 . 518 
0 . 7  Si mu l ati on 2 . 5 70 2 .  713 3 .  171 4 . 347 7 . 523 
Error by 
Si _mu l  ati on +10 . 2% - 1 . 2% - 2 . 4 %  -0 . 8% +O . 1% 
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Fi gures 4 . 1  through 4. 8. The graphs for 400 and 800 sample si zed runs 
are not i ncluded si nce they are b asi cally the same as that of 200 
and 1 000 uni ts respecti vely. 
The me an value of the stati sti c fluctuates wi dely for at 
le ast fi ve repli cati ons before i t  begi ns to approach a fi nal 
v alue. The amount and peri od of fl uctuati on are di fferent for 
di fferent stati sti cs and for di fferent sample si zes. In general , 
the fluctuati ons i n  the larger samples tend to damp out faster 
than those obtai ne d from smalle_r samples. Indee d, the esti mate 
of the me an queue length for samples of 1 00, as shown i n  F i gure 4. 2, 
conti nue d_ to vary for all thi rty repli cati ons. 
The theoreti cal values of the stati sti cs* were use d as the 
i 
true values. These values for the- cases M=l, and M= 3 are : 
Si tuati on Wq 
Si ngle channel, � · = 0 . 5  0 .1 00 
3 parallel ch annels, e = 0.5 0. 047 
L
q 
0.500 
0.237 
w 
0. 200 
0. 347 
L 
1 . 000 
1 . 737 
In Fi gures 4. 1 through 4 . 8 , the .theoreti cal v alues are shovm 
as strai ght li nes at these values, wi th the upper li mi t  at 1 1 0% 
of the actual value ; and the lower li mi t at 90% of the actual value. 
In many cases, the + 1 0 % accuracy i s  achi eved  wi thi n a few repli cati ons 
although the mean of the stati sti c conti nued to fluctuate v1i thi n  
these li mi ts. Thei r conti nued fluctuati ons may not be  cri ti cal i f  
the amount of fluctuati on i s  low. 
*Computati ons to obtai n the theoreti cal values are gi ven i n  
Appendi x B. 
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The di stributi ons  of  wai ti ng ti me , queue l ength , total time 
spent in the sys tem , an d the total number i n  the system are found 
to be nearl y exponenti al. The frequencies of thei r occurrence 
are gi ven in Tab l e  4 . 2  for si ng l e  repl icati on an d the averages of 
40 
5 and 1 0  repli cati ons. Figures 4 . 9  through 4. 1 2 sho\11 their di s trib ution 
for si ng l e  channe l  case with one rep licati on only. However , one 
woul d expect that the di stri buti ons of the means of these factors , 
namel y, Wq , Lq, H and L wil l be  approxi matel y nomial. In fact , 
they are found to be so .  
Student ' s  ' t ' tes ts were con ducted on the mean val ues to s ee 
whether they be long to the same dis tri h uti on for whi ch the theoreti cal 
rrean does. *  The ' t ' va l ues  for the cumul ative ave rages obta i ne d  
at the end of 5 or 1 0  rep l icati ons may not be si gnifi cant because  
of the large amount of f l uctuati ons of  the indi vidual values and 
hence a l arge val ue of standard erro r. For those cas e s  where the 
average val ues f l uctuate very l i ttle about a l ine which i s  di fferent 
from the theore ti cal nEan value li ne , the t values can be  expected to 
be s i gnifi can t. The resul ts of  the ' t '  tes ts , ma de with 0. 05 
l evel of s ign i fi cance , are gi ven in Appendi x D in Tab l es 0. 1 and 
0 . 2 . The ' t '  values are signi fi cant in a few cas es on l y. This 
may happen f ive out of  a hun dred ti mes.  
Further, tes ts were made to see \•Jhe ther o r  n ot one can have 
95% confi dence on the accuracy o f  these esti mates. To have a 
confi dence of  95% on a cumulati ve ave rage , the 1 . 96 o s pread 
*A samp l e  cal cu l ati on of  ' t '  tes t is  gi ven in  Appendi x D. 
Table 4. 2A 
Frequency of occurrence of waiting ti nie 
M f 1f . 00-0. 09 . 1 0 -. 19  . 20.-0. 29 .30-0.39 .40-0. 49 
1 0.5 1 1 622 
5 1 455 
10 1501 
3 0.5 1 1 81 1  
5 1 776 
10 1 770 
1 70 
204 
196 
88 
81 
84 
135 
120 
124 
41 
53 
55 
Table  4. 28 
58 
83 
75 
31 
32 
31 
F requency of occurrence of queue 
M r � 0 1 2 3 
1 0 .5 1 1 593 252 · 99 62 
5 1430 244 1 2 7 72 
1 0  1 479 238 1 26 65 
3 0.5 1 1 809 9 7  57 23 
5 1746 1 07 61 26 
10 1730 1 0 7  61 26 
length 
4 
32 
42 
1 8  
16 
1 6  
1 7  
34 
40 
39 
22 
24 
21 
5 
13 
22 
6 
6 
5 
6 
41 
. 50-0.59 
22 
26 
25 
7 
1 0  
9 
- 42 
Table 4.2C 
Frequency of occurrence of total time spent in the system 
M � .,, 0. 00-0.19 0 .20-0 . 39 0 .40-0.59 0. 60-0. 79 0.80 -0.99 1 . 00-1 . 19 
1 0. 5 1 1 32 7  509 141 66 1 7  1 
5 1186 489 178 78 21 1 0 
10 1222 482 172 71 2 3  1 1  
3 0.5 1 881 519 252 . 169 89 54 
5 _814 5 36 284 168 88 45 
10 81 7 518 293 1 71 90  45 
Table 4.2D 
Frequency of occurrence of total units in the sys tern 
M � ....., 0 1 2 3 4 5 
1 0.5 1 -1056 537 252 99 62 . 32 
5 927 523 244 127 72 42 
10 943 546 238 126 65 18 
3 0.5 1 44 7 687 461 214 . 97  57 
5 414 634 453 265 1 0 7  61 
10  404 628 468 260 107 61 
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of its dis tri buti on s hould be within the 1 ewer and upper 1 i mi ts . . 
The results of this tes t are given in Appendix D in Tables D_ . 3  and 
0 . 4  on pages 72 , and . 73. 
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The fi- nal res ults giving the various combinations of the s amp l e  
s·ize-replication req ui_red to ma�e an es timate of the s tatis tic with 
.!. 10% accuracy and 95% confidence are given in Table 4. 3 on page 48 . . 
Table 4 . 3 
Mini mum number of repli cati ons required to 
gi ve an es ti mate with :!:_ 1 0% accuracy 
and 95% confi dence 
M=l f =0 . 5  
Stati sti c 1 00 200 400 600 800 1 000 
Wq .:> 30 > 30 25 > 30 > 30 25 
Lq > 30 > 30 > 30 > 30 5 20 
w > 30 > 30 15 1 0  5 5 
L > 30 > 30 15 20 5 5 
M= 3  � =0. 5  
Stati sti c 1 00 200  400 600  800 1 00 0  
Wq .> 30 .> 30 .> 30 . > 30 ..> 30 > 30 
Lq > 30 > 30 > 30 > 30 > 30 > 30 
w > 30 5 5 5 5 5 
L > 30 5 5 5 5 5 
CHAPTER  V 
CONCLUS IONS AND RECOMMEN DAT IONS 
The fol l ovli ng  concl usi ons may be dravm: 
1 .  Rep l i cati ons reduce the number of total uni ts to be 
s i mu l ated . 
It can be seen from Fi g ure 2 . 1 that 5400 uni ts are req ui red 
to esti mate the r.iean number i n  the system for the s i n9 le  
exponenti a l  channel wi th � =0 .5 . Tab l e  4 .3 shows that the 
mi ni mum number of uni ts requi red to es ti mate thi s stati sti c  
wi th the s ame degree of accuracy and confi dence i s  4000, i f  
5 _rep l i cati ons are made each of s amp l e  si ze 800. 
2. C.hoi ce of stati sti cs affects the number of rep l i cati ons 
requi red . 
Di fferent stati sti cs requi re di fferent s amp l e  s i ze-repl i cati on 
combi nati ons to obtai n the estimates wi th s ame degree of accuracy 
and confi dence . For examp l e, Hq requi res 25 rep l i cati ons each 
wi th a s amp l e s i ze of 400  whereas W requi res only 1 5  rep l i cati ons 
wi th the s ame s amp l e s i ze . 
3 .  Number of ch annel s al so  affects the number of rep l i cati ons 
requi red. 
In the case of si ngl e channel s ituati on , i t  requi res 25  
repl i cati ons of 1 000 uni ts each to esti mate Hq. Whereas i n  the case 
of 3 p aral l el channel s s ituati on , it requi res more than 30 repl i cati ons 
of 1000 uni ts each. To estimate W i n the s i ng l e channel case , it  i s  
neces s ary to make more than 30 repl i cati ons of 200 units each but 
onl y 5 rep l i cati ons of the s ame s ampl e si ze are requi red for the 
3 para l l el channel s case. 
The followi ng recommendati ons are made : 
1 .  Eli mi nati on of transiency wi  1 1  re duce the requi red • number 
of repli cations . 
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Si nce the transciency is included in all of these  runs , it 
takes  longer time for the mean value to s ettle down. Mathematical 
re 1 ati ons have been deve 1 oped to find out the period of trans ci ency 
for a few queue i ng s ituations . In the cas e , for which such 
equations are not available , the transiency may be cli miated by 
starting the computation of the stati stics after a numb er of 
arrivals generated. This, of course ,  will not reduce the total 
simulation ti me ,  except as it re duces the initial fluctuations . 
2. Res earch should be continued for other values of the 
utilization factor and the number of channels , for the 
same exponenti al i nterarri val time distri bution and 
exponential s ervi ce ti me di stri buti on and for other 
distributi on s  of i nterarrival ti mes  and s ervice ti mes.  
3 .  Different sampli ng techni ques de veloped and descri bed 
by Hammers ely and Handscomb [5] may be i nve sti gated to 
dete nni ne hov, mu ch they reduce the samp 1 e s ize s ti 11  
further. 
[1 ] 
. [2] 
[3] 
[4] 
[ 5 ] 
51  
L ITE RATURE C I TED  
Covert, R .  P. , Queues and Simulations, to be p ublished . 
Ehrenfeld, S . , and Ben-Tuvia, S . ,  1 1The Efficiency of Statistical 
Simulati'on Procedures, " Technometrics, Vol. 4, 1 962 . 
Gafarian, A. V . ,  and Ancker, J r . ,  C .  J . , 11 r-1ean V alue E stimati on 
from Digital Computer Simul ation", Journal of Operations 
Research Society of America, Vol . 1 4, 1 96 6 . 
Gould, R . ,  I ns tructions for the use of two Fort ran I V  Computer 
Simulation Programs, Unpublished Departmental Research 
Report, Department of  I ndus trial Engineering, Univers ity 
of Missouri , Columbia, Mi s sourj . 
Hammersely, J . M . , and Hahdscomb, D .  C . ,  Monte - Carlo Methods , 
J ohn Wiley and Sons, Inc . ,  New York . 
[6] Healy, T .  L . ,  "On the Solution of Q ueueinq Problems by Computer 
[7] 
[8] 
[9 ] 
[1 0 ]  
· 
Si mul ati on 1 1 , Operations Research Memorandum Op 8-15, 
Advanced Development Division, Nati onal Cash Regi s ter  
Company, Dayton, Ohio . 
I ndustrial Enginee ring Terminology Manual, published by the 
American I nstitute of I ndus tri a 1 Engineers . 
Mors e, P .  M . , Queues, Inventories ,  and Maintenance, John Wiley 
. and Sons, Inc . ,  New York . 
Sas ieni, M ;  A .  Yaspan ; and L .  Friedman, Operations Res earch -
methods and problems, John Wiley and Sons, I nc . , 
New York . 
Steel, R. G .  D . ,  and Torrie , J .  H . ,  Principles and Procedures 
of Statistics, McGraw-Hill Book Company, I nc . ,  New York . 
APPENDI X A 
A Partial List of the Terms used in 
Queueing Theory and Simul ation* 
Event. A noteworthy occurrence in the sys tern is te rme d as an 
e vent. A new unit ente ring the system and a unit entering 
the se rvice facility from the queue are two examp l es of 
events. 
Facility. A facility is a gene ral ized se rvice station, and may be 
use d to indicate a complex of se rvice stations. Service 
stations and facil ity are inte rchangeable tenns where the 
facility is on ly a sing l e  se rvice station. 
Parame te rs . Paramete rs are the factors such as the mean arrival 
rate and the mean se rvice rate which define a system. 
Pseudorandom Numbers. A sequence of n umbe rs is gene rate d ,  usually 
through a compute r program , by a rule that pe nnits 
reproducibility in such a way that any _ reasonabl e 
statistical test will show no significant departure from 
ran domness. Such a ge ne rated sequence of n umbers are 
pseudorandom numbe rs. 
Queue. The queue consists of al l units that are waiting to be 
serviced at a specified se rvice station 
Queue discipline. Queue discipl ine is the manne r in which the 
units in the queue are taken into the service facility. 
*Part of this l ist is from Refe rence 1 .  
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Service, station. The service which is to be perfonned is accomplished 
i n  a servi ce station. 
Stati stic. Mean waiti ng ti rre (Wq ) ,  mean q ueue length ( Lq ) ,  mean 
ti me in the system ( H )  and rrean number_ of  uni ts in the 
sys tern ( L )  a re s tati s ti cs . 
System. The system includes the q ueue and the se-rvi ce station or  
stati ans. 
· Uni t. That which is to be serviced is called a unit� 
Utili zation factor ( ,  ) .  The- ratio of the rate of  a rrival of 
uni ts to the system rate of service is tenned as the 
u-ti 1 i zati on facto r. 
Appendi x B 
Calculati on of the statistics 
Singl e channel case : 
A = 5/time unit 
Mean waiting time : Wq = 
r =l 0/ti me unit 
1 0(10�5) 
= 0 • 1 00 - ti me u ni ts . 
Mean queue 1 e ngth : Lq = A Wq 
= 5 X 0 . 1  
= 0.500 
Total time in the system � W = 1 
r -). 
= 1 
(1 0-5)  
= 0 .200 time units. 
Tota 1 number in the sys tern : L = i\. W 
= 5 X 0 . 200 
= 1 . 000 
54 
� =0.5 
Thre.e Paral l e 1 Channe 1 ca-se : 
M= 3 i\ =5/time P- =3 .  3 33/ti me uni t 
Mean queue l ength : Lq = ' - e 
-e. 'M (� M )  
:!:>;._._ ,  (� M )  
Mean wai ti ng time : 
= 0 . 5 
(1-0 .5) 
= 0 . 237 
W = L 
q _9_ -
= 0 . 2 37 
5 
. = 0 .047 
. 1 255 
. 5299 
Total number i n  the ·system : L = L + � M 
q _ . .  
. = 0.237 + 0.5 . x 3 
= 1 .  737 
Total • tiroe i- n the sys tem : · W_ = L 
}. 
= 1 . 737 
5 
= 0 . 347 
*The val ues of eM (\' M) and nM - i  (� M) are obtai ne d from Tabl e V,  
"Queues , I n ve ntories , an d Mai ntenan ce 1 1 , by Phi l ip M . Mors e . 
55 
Tab l e  C .  l 
Res ul ts of the s i mul ati on runs 
M = 1 f = 0 . 5  N = 1 00 
No . Wq cwq Lq Clq w cw L CL 
1 .  0 . 0 49 0 . 049 0 .  1 9 7 0 . 1 9 7 0 . 1 52 0 . 1 52 0 . 6 45  0 . 6 45  
2. 0 . 075  0 . 06 2  0 . 39 1  0 . 294  0 .  1 81 0 . 1 66 0 . 96 7  0 . 806 
3 .  0 . 1 6 0  0 . 09 4  0 . 81 6  0 . 46 8  0 . 26 1  0 . 1 98 1 .  374 0 . 995  
4 .  0 . 042 0 . 081 0 .  1 56 0 . 390 0 . 1 43  0 . 1 84 0 . 539 0 . 881 
5. 0 . 096  0 . 084 0 . 476 0 . 40 7  0 .  1 9 8 0 . 1 87 1 .  0 31 0 .  9 1 1 
6 .  o .  1 31 0 . 09 2  0 . 60 4  0 . 440 0 . 245 0 .  1 9 7 1 . 1 5 2  0 .  951 
7 .  0 . 1 05 0 . 09 4  0 . 55 0  0 . 456 - o .  226 0 . 20 1  1 . 211 0 . 988 
8. 0 . 05 3  0 . 089 0 .  2 79 0 . 4 34 0 .  1 46 0 . 1 94 0 . 779  0 . 962  
9. 0 . 055 0 . 0 85 0 . 294  0 . 4 1 8 0 .  1 49 0 . 1 89 o .  786 0 . 9 43 
10 . 0 . 0 45 0 .  081 0 . 20 8  0 .  39 7 0 . 1 40 0 . 1 84 0 . 6 75  0 . 9 1 6  
1 1 . 0 . 1 1 3  0 . 0 84 0 . 5 74 0 . 4 1 3 0 . 2 30 0 . 1 88 1 .  1 0 5 0 . 933  
1 2 .  -0 .  1 1 6 0 . 087  0 . 6 1 7  0 . 4 30 0 . 2 1 0  0 . 1 90 l . 1 6 6  0 . 95 3  
13 . o .  356 0 . 1 0 7 2 . 047  0 . 555 0 . 46 6  0 . 2 1 1 2 .  66 7 1 ·. 084 
1 4 .  0 . 0 78 o-. 1 0 5  0 .  349 0 . 5 40 0 . 1 74 0 . 209 0 . 880 1 .  070 
15 . o .  1 7 1 0 . 1 1 0 1 . 1 2 4  0 . 5 79 0 . 26 7 0 . 2 1 2  1 .  745 1 . 1 1 5 
16 . 0 . 0 76 o .  1 0 7  0 . 46 4  0 . 5 72 0 . 1 74 · 0 .  2 1 0  1 . 0 72  1 . 1 1 2 
1 7 . 0 . 0 70 0 . 1 0 5  0 . 335 0 . 558  0 . 1 6 3  0 . 20 7  0 . 82 7  1 . 095  
18 . o .  1 83 0 .  1 1 0  1 . 0 7 3  0 . 586 0 . 286 0 . 2 1 2 1 .  70 1 1 . 1 29 
1 9 .  0 . 09 4  0 . 1 09 0 . 450  0 . 5 79 0 . 200 0 . 2 1 1  1 .  000 1 . 1 22 
20 . o .  1 2 2 b .  1 0 9  0 . 6 76 0 . 5 84 0 . 2 38 0 . 2 1 2  l .  36 5 1 .  1 34 
. 2 1 . 0 �- 1 9 4 0 . 1 1 3 1 . 054 0 . 606 0 . 29 7  0 . 2 1 7  1 .  643  1 . 1 59 
22 . 0 . 09 9  o .  1 1 3 0 . 32 7  0 . 594  0 . 2 1 6  0 . 2 1 6  0 . 80 2  1 . 1 42 
2.3 .  0 . 06 9  0 . 1 1 1  0 .  304 0 . 581 0 . 1 7 3 0 . 2 1 5  0 . 80 7  l .  1 2 8 
24 . o .  1 44 0 . 1 1 2  0 . 81 8  0 . 59 1  0 . 25 3  0 . 2 1 6  1 .  392 1 . 1 39 
2 5 . 0 . 06 1  0 . 1 1 0  O ·• 294 0 . 5 79 · 0 . 1 6 1  0 . 2 1 4  0 .  74 3 1 . 1 2 3  
26 . 0 . 09 3 0 . 1 1 0  0 .  385 0 . 5 72 0 . 1 98 0 . 2 1 3  0 . 87 3  1 . 1 1 3  
27 . 0 . 1 1 4  0 . 1 1 0  0 . 478 - 0 . 56 8  0 . 2 35 0 . 2 1 4  1 .  048 1 .  1 1 1  
28 . 0 . 06 3  0 . 1 08 o .  30 7 0 . 559  0 . 1 6 4  0 . 2 1 2  0 .  89 1 1 . 1 03  
29 . 0 . 06 4  0 .  1 0 7  0 .  31 6 0 . 55 1  0 . 1 6 8  0 . 2 1 1  0 . 80 5  l . 09 3  
30 . · 0 . 1 2 9 0 .  1 0 7  0 . 680 0 . 555  0 . 2 1 3 0 . 2 1 1  1 .  1 71 l .  09 5 
M = 1 
No. Wq 
1. 0 .119 
2. 0.138 
3. 0.15 3 
4. 0.097  
5. 0 .06 3 
6. 0.059 
7. 0.064 
8. 0.085 
9. 0.055 
1 0 .  0.055 
11. 0.117 
12. 0. 185 
13. 0.058 
14. 0.06 3 
15. o .  102 
16. 0.091 
17. 0.06 3 
18. 0.130 
19. 0.065 
20. 0 .111 
21. 0.114 
22. 0 .  l 01 
2 3. 0.076 
24 . 0.099 
25. 0.0 79 
26. 0.0 79 
27. 0.0 79 
28. . 0 .124 
29. 0.070 
30 .  0.083 
Table C . 2  
Res ults o f  simulation runs 
f · = 0.5 
CWq Lq Clq w 
0. 119 0.6 70 0.670 0.225 
0 .12 8  0.6 35 0 .652  0.246 
0. 137 0.806 0.704 0 .262 
o .  12 7 0.510 0.655 0. 187 
0 .114 0. 343 0.59 3 -o . 154 
0.105 0. 261 0.5 38 0. 155 
0.099 0. 301 0.504 0. 162 
0.09 7 o .  379 0.488 0 .178 
0.09 3  0 .239 0.461 0. 164 
0.089 0.275 0 .442 0 .148 
0.091 0.594 0.456 0.22 3 
0.099 1.022 0.503 0.292 
0.096 0.288 0 .486 0. 152 
0.094 0.242 0.469  0. 159 
0.094  0.566  0.475 0.204 
0.094  0. 392 0.479 0. 198 
0.092  o .  326 0 .46 2  0. 15 5 
0.094  0.668 0.473 0.227  
0.09 3 0 . 318 0.465 0 .160 
0.094 0 .577  0 .471 0.208 
0.095  0.501 0.472 0.22 3 
0.095  0.459 0. 471  0.205 
0.094  0.  365 0.46 7 0. 178 
0.094 0.475 0 .46 7 0.205 
0.094  0 .  361 0.46 3 0.170 
0 .093 0 .  390 0.460 0 .17 3  
0.0 9 3  0.420 0.459 0. 170 
0.094  0.652  0.466 0.228 
0.0 9 3  0.296 0.460 0 .178 
0.09 3 0.456 0 .46 0 0 .183 
5 7' · 
N = 200 
cw L CL 
0.225  1. 32 7 1. 32 7 
0.2 35 1.141 1. 234 
0.244 1. 398 1.289 
0.2 30 0.997 1. 216 
0.215 0.826 1 . 138 
0.205  0 .6 9 3  1. 064 
0. 199 0.799 1.026 
0 .  196 0 .871 1.007 
0. 192 0 . 756  0.9 79 
0.188 0.727  0.954 
0. 191 1. 170 0 ·.9 73 
0.200 1 .642 1.029 
0.194 0.794 1.011 
0. 19 3 0.669 0.987 
0 .194 1. 145 0.997  
0.194 0.950 0.994 
0 .192 0.785 0.982 
0.194 l .165 0.992 
0 .192  0.828 0.983 
0. 19 3 1.064  0.987 
0. 194 1. 0 31 0. 989 
o .  19 5 0.9 73  0 . 989 
0 .194 0.881 0. 984 
0 .194 1. 007 0.985 
0 .19 3 0 .80 5 0.9 78 
0.19 3 0 .868 0.9 74 
0 .192  0 . 917 0.9 72 
0. 19 3 1. 250 0. 981 
0 .19 3 0 .816 0 .9 76 
0. 19 2 0.992  0. 9 76 
No . 
1. 
2 .  
3. 
4 .  
5 .  
6 .  
7 .  
8 .  
9 .  
1 0 .  
1 1 . 
/ 1 2 .  
1 3 . 
1 4 . 
15 . 
16 . 
17. 
1 8 . 
19. 
20 . 
2 1 . 
22 . 
2 3 .  
24. 
25 . 
26 . 
27 . 
28 . 
29 . 
30 . 
M = 1 
wq 
0 . 1 08 
0 . 1 48 
0 . 1 04 
0 . 09 2  
0 . 099 
0 . 1 1 1  
0 . 09 3  
0 .  1 1 1  
0 . 1 0 3 
0 .  1 1 2  
0 . 1 38 
0 . 075 
0 . 0 7 1  
0 . 066  
0 .  1 06 
0 .  1 2 4 
0 . 1 05 
0 . 1 1 3 
0 . 0 79 
0 . 089 
0 .  1 1 1  
0 . 0 81 
0 . 094  
0 . 088 
0 . 05 2  
Tab l e  C . 3 
Res ul ts of simul ation runs 
f = 0 . 5  
cw
q 
Lq CLq w 
0 . 1 08 0 . 502 0 . 502  0 . 2 1 5  
0 . 1 2 8  0 . 7 37 0 . 6 1 9  0 . 246 
0 . 1 20  0 . 550 0 . 596 0 . 20 3  
0 . 1 1 3  0 . 46 3  0 . 56 3  0 . 1 90 
o .  1 1 0  0 . 484 0 . 547  0 . 1 9 7  
0 .  1 1 0  0 . 45 3  0 . 5 31 0 . 225  
0 . 1 08  0 . 45 1  0 . 52 1  0 . 1 94 
0 . 1 08  0 . 55 3  0 . 525 0 . 2 1 5 
0 .  1 08 0 . 458 0 . 5 1 7  0 . 205 
0 .  1 08 0 . 590 0 . 525 0 . 2 1 0  
0 .  1 1 1 0 . 69 7  0 . 540 0 . 2 4 3  
0 . 1 0 8  0 .  369 0 . 526 0 . 1 69  
0 . 1 0 5  0 .  330 0 . 5 1 1  0 . 1 68 
0 . 1 02 0 . 295 0 . 496 0 . 1 60  
0 .  1 0 3  0 . 5'26 0 . 498 0 .  2 1 1 
0 . 1 04 0 . 56 3  0 . 502 0 . 2 35 
o .  1 04 0 . 527 0 . 50 3  0 .  20 3 
0 . 1 04 0 . 5 34 0 . 505 0 . 2 1 9 
0 . 1 0 3  o .  394 0 . 499 0 . 1 79 
0 . 1 02 0 . 435 0 . 496 0 . 1 8l 
0 . 1 0 3  0 . 530 0 . 49 7  0 . 2 1 4 
0 . 1 02  0 . 39 4  0 . 49 3  0 . 1 79 
0 . 1 0 1  0 . 484 0 . 49 2  0 . 1 98 
0 .  1 0 1 0 .  384 0 . 488 0 .  1 89 
0 . 099 0 . 244 0 . 478 0 . 1 4 3  
0 . 1 77 . 0 .  1 02 0 . 96 4  0 . 49 7  0 . 283 
0 . 05 3  0 . 1 00 0 . 247  0 . 488 0 . 1 47 
0 . 09 4  0 . 1 00 0 . 4 39 0 . 486 0 . 1 9 2  
0 . 088 0 . 1 00 0 .  39 3 0 . 483 0 . 1 86 
0 . 080 0 . 099 0 .  336 0 . 4 78 0 . 1 83 
58  
N = 400 
cw L CL 
0 . 2 1 5  1 .  055 1 . 055 
0 . 2 31 1 .  2 38 1 . 1 46 
0 . 22 1  1 .  092 1 . 1 2 8 
0 . 2 1 3  0 .  9 86 1 .  09 3 
0 . 2 1 0  1 . 000 1 .  074 
0 . 2 1 3  0 .  9 79 1 .  05 8 
0 . 2 1 0  1 . 000 1 .  050 
0 . 2 1 1  1 .  095 1 .  056 
0 . 2 1 0  0 . 9 33 1 . 042 
0 .  2 1 0  1 .  1 45 1 . 052  
0 . 21 3  1 .  270 L on 
0 . 209 0 .  871 1 .  055 
0 . 206 0 . 79 1  1 . 035 
0 . 20 3  0 .  771  1 . 0 1 6  
0 . 20 3  1 .  081 1 . 020 
0 .  205 1 .  092 1 . 025 
0 . 205 1 .  066 1 . 02 7 
0 . 206 1 .  056 1 . 029 
0 . 205 0 . 9 1 5 1 .  023 
0 . 20 3  0 . 9 1 5  1 . 0 1 7 
0 . 204 1 . 045  1 . 0 1 9 
0 . 20 3  0 . 922  1 .  0 1 4 
0 . 20 3  1 .  038 1 .  0 1 5 
0 . 202 0 . 85 5  1 .  009 
0 . 200 0 . 69 7  0 . 996 
0 . 20 3  1 . 5 74 1 .  0 1 8 
0 . 20 1  0 . 70 7  1 .  007 
0 . 200 0 . 960  1 .  005 
0 . 200 0 . 882 1 .  00 1 
0 . 1 99 0 . 81 6  0 . 995  
M = 1 
No. Wq 
1 .  0 . 077  
2 .  0 . 080 
3 .  0 . 085 
. - 4 .  0 . 087 
5 .  0 . 089 
6 .  o .  1 02 
7 .  0 •. 1 1 7 
8. 0 . 1 02 
9 .  0 .  1 2 3  
1 0 .  0 . 084 
1 1 .  0 . 088 
12 . 0 . 080 
13 . 0 . 1 20 
1 4 .  0 . 069 
15. 0 . 084 
1 6 . 0 . 090 
1 7 .  0 . 089 
1 8. 0 . 1 05 
1 9 .  0 . 086 
20 . 0 . 09 1  
21 . 0 . 083 
22 . 0 . 083 
23 . 0 . 065 
24. 0 . 09 7  
25 . 0 . 1 1 0 
26 . o .  1 2 7 
27 . · 0 . 09 3  
28 .  0 . 088 
29 . 0 . 078  
30 . 0 . 06 3  
Tab l e  C . 4  
Res ul ts of s i mul ati on runs 
� = 0 . 5  
CWq Lq 
0 . 0 77 0 .  346 
0 . 0 78 o .  35 3 
0 . 080 0 .  385 
0 . 082 0 . 4 1 6  
0 . 0 83  0 .  4 36 
0 . 087  0 . 552  
0 . 09 1 0 . 55 3  
0 . 092  0 . 495 
0 . 096 0 . 6 20 
0 . 095  0 . 407  
0 . 094  0 . 4 37 
0 . 09 3  0 .  36 7 
0 . 095 0 . 588 
0 . 09 3  0 . 3'39 
0 . 092  0 . 41 0  
0 . 09 2  0 . 45 4  
0 . 09 2  0 . 42 3  
0 . 09 3  0 . 5 30 
0 . 092 0 . 41 5  
0 . 092  0 . 4 32 
0 . 09 2  0 . 425 
0 . 09 1  0 .  396 
0 . 090 0 . 289 
0 . 09 1 0 . 46 9  
0 . 09 1  0 . 556 
0 . 09 3  0 . 641  
0 . 09 3  0 . 46 4  
0 . 09 3  0 . 299 
0 . 092  0 . 408 
0 . 09 1  0 . 286 
Cl
q 
o .  346 
0. 349 
0 .  36 1 
0 . 375 
0 . 387 
0 . 4 1 5  
0 . 4 34 
0 . 442 
0 . 462 
0 . 4 36 
0 . 455 
0 . 447  
0 . 458 
0 . 450 
0 . 447 
0 . 447 
0 . 446 
0 . 45 1  
0 . 449 
0 . 448 
0 . 447  
0 . 444 
0 . 438 
0 . 439 
0 . 444 
0 . 45 1  
0 . 45 2  
0 . 450 
0 . 448 
0 . 443  
w 
0 . 1 74 
0 .  1 80 
0 .  1 84 
0 . 1 86 
0 .  1 86 
0 . 200 
0 . 22 1  
0 .  1 99 
0 . 2 24 
0 . 1 84 
0 .  1 87 
0 .  1 80 
0 . 22 1  
0 .  1 6 5  
0 .  1 8 1 
0 .  1 87 
0 .  1 86 
0 . 205 
0 . 1 82 
0 .  1 92 
0 .  1 80 
. 0 .  1 84 
0 . 1 59 
0 . 1 98 
0 . 2 1 1 
0 . 2 35 
0 . 1 94 
0 .  1 90 
0 .  1 68 
0 . 1 6 3  
59 
N = 600 
cw L CL 
0 . 1 74 0 . 81 6  0 .  81 6 
0 .  1 77 0 . 85 8  0 . 837 
0 . 1 79 0 .  881 0 . 852 
0 .  1 81 0 . 926  0 . 870 
0 . 1 82 0 . 929 0 . 882 
0 .  1 85 1 . 1 1 1  0 . 920 
0 . 1 90 1 .0 76 0 . 942 
0 . 1 9 1 0 . 999 0 . 950 
0 . 1 95 1 . 1 7 1 0 . 974 
0 . 1 94 0 . 9 1 4  0 ·. 968 
0 . 1 9 3 0 . 942 0 . 960 
0 . 1 92 0 . 872 0 . 9 58 
0 . 1 94 1 . 1 2 2 0 . 970 
0 .  1 92 0 .  831 0 . 96 1  
0 . 1 9 2  0 . 890 0 . 956 
0 .  1 9 1  0 . 9 55 0 . 956 
0 .  1 9 1  0 .  9 31 0 . 954  
0 .  1 9 2 1 . 0 77  0 . 96 1  
0 .  1 9 1 0 . 90 7  0 . 9 58  
0- . 1 9 1  0 . 9 56 0 . 9 58 
0 .  1 9 1  0 . 9 46 0 . 958  
0 . 1 90 0 . 9 24  0 . 956  
0 . 1 89 0 . 76 2  0 . 948 
0 . 1 89 0 . 990 0 . 949 
0 .  1 90 1 . 094  0 . 95 5  
0 . 1 9 2 1 .  209 0 . 965 
0 . 1 92 0 .  9 76 0 . 965  
0 .  1 92 0 . 9 39 0 . 964 
0 . 1 9 1 0 . 904 0 . 962  
0 . 1 90 0 . 798  0 . 9 5 7  
No . 
1 .  
2 .  
3 .  
4. 
5. 
6 .  
7 .  
8 .  
9 .  
1 0 .  
1 1 . 
1 2 .  
1 3 . 
1 4 .  
1 5 .  
1 6 .  
1 7 . 
1 8 . 
1 9 .  
20 . 
21 . 
22 . 
2 3 .  
24 . 
25 . 
26 . 
2 7 . 
28 . 
29 . 
30 . 
M = 1 
Wq 
0 . 099  
0 .  1 1 1  
0 . 1 05 
0 . 09 7  
o .  1 1 9  
0 . 0 75 
0 . 083  
0 . 1 0 5 
0 . 09 4  
0 . 1 2 3  
0 . 096 
0 . 1 0 4 
0 . 09 1  
0 . 1 0 3 
0 . 1 1 9  
0 . 1 0 1  
0 . 089 
0 .  1 1 9  
0 � 082 
0 .  1 26 
0 . 09 1  
0 . 0 88 
o .  1 0 1  
0 . 0 8 3  
o .  1 2 8 
0 . 096  
0 . 0 74 
. 0 .  1 04 
0 . 081 
0 . 087  
Table C . 5  
Res ul ts of s i mul ati on runs 
� = 0 . 5  
cw
q 
Lq Clq w 
0 . 099  0 . 486 0 . 486 0 . 1 9 9 
0 . 1 05 0 . 544 0 . 5 1 5  ·o .  2 1 1  
0 .  l 05  0 . 498 0 . 5 1 0 0 . 207  
0 . 1 0 3  0 . 450 0 . 49 5  0 . 1 99  
0 . 1 0 6 0 . 52 3  0 . 500 · 0 . 22 3  
0 . 1 0 1 0 .  35 1 - 0 . 475 0 . 1 7 1 
0 . 099  0 . 41 7 0 . 46 7  0 . 1 80 
0 . 099 0 . 52 1  0 . 474 0 . 1 9 9 
0 . 09 9  0 . 4 37 0 . 4 70 0 ,. 1 9 5 
0 .  1 0 1  0 . 6 1 5  0 . 484 0 . 227  
0 . 1 0 1 0 . 479 0 . 484 0 .  1 9 3  
o .  1 0 1  0 . 486 0 . 484 0 . 207  
0 . 1 00 0 . 431 0 . 480 0 . 1 89 
o .  1 00 0 . 486 0 . 480 0 . 20 1  
0 . 1 02 0 . 586 0 . 487 0 . 2 1 9  
0 .  1 0 2 0 . 496 0 . 488 0 . 1 96 
0 . 1 0 1  0 . 4 33 0 . 485 0 . 1 92  
0 .  1 02 0 . 643 0 . 49 3  0 . 2 1 6  
0 .  l 0 1  0 . 39 7  0 . 488 0 . 1 75 
0 . 1 0 2  0 . 658  0 . 49 7  0 . 2 30 
0 . 1 02 0 . 42 4  0 . 49 3  0 .  1 9 1 
0 .  1 0 1  0 . 40 7  0 . 489 0 .  1 90 
0 . 1 0 1  0 . 445 0 . 488 0 . 200 
0 . 1 00 0 . 392 0 . 484 0 . 1 78 
0 . 1 0 1 0 . 602 0 . 488 0 . 2 33 
0 .  1 0 1  0 . 490 0 . 488 0 . 1 89 
0 . 1 00 o .  359 0 . 484 0 .  1 71 
0 . 1 00 0 . 52 3  0 . 483 0 . 20 7  
0 . 1 00 0 .  39 2 0 . 482 0 . 1 80 
0 . 099 0 . 4 35 0 . 480 0 .  1 86 
60 
N = 800 
cw L CL 
0 . 1 99 1 .  0 1 0 1 .  0 1 0 
0 . 20 5  1 . 085 1 .  047 
0 . 206 1 . 02 7  1 .  041 
0 . 204 0 . 9 5 7  1 .  020 
0 . 208 1 . 0 1 2 1 . 0 1 8  
0 . 202 0 . 837 0 .  988 
0 .  1 99 0 . 9 1 5  0 . 9 78 
0 . 1 99  1 . 0 1 2 0 . 982 
0 .  1 98 0 . 952 o .  9 79 
0 . 20 1  1 . 1 96 1 .  000 
0 . 200 1 . 0 1 8 1 .  002 
0 .  201 1 .  0 1 2 1 .  00 3 
0 . 200 0 . 9 32 0 . 997  
0 . 200 0 . 983  0 . 996 
0 . 20 1  1 .  1 38 1 .  006 
0 . 201 1 . 0 1 8 1 . 007 
0 .  201  0 . 9 76 1 .  005 
0 .  201  1 . 1 92 1 . 0 1 5 
0 . 2 00 0 . 879 1 .  00 8 
0 .  201 1 .  255 1 . 020 
0.  20 1 0 . 9 1 9  1 .  0 1 6  
0 . 200 0 . 9 1 6  1 . 0 1 1 
0 . 200 0 . 9 34 1 .  008 
0 .  1 99 0 . 886 1 . 003  
0 .  201  1 .  1 29 1 .  008 
0 . 200 1 . 004 1 . 008  
0 .  1 99 0 . 878 l .  00 3 
0 . 200 1 . 0 73 1 .  00 5 
0 . 1 99  0 .  9 1 0  1 .  002 
0 . 1 98 0 . 9 52 1 .  000 
M = 1 
No . Wq 
1 .  0 . 1 02 
2 .  0 . 099  
3 .  0 . 084 
4. 0 . 1 0 1  
5. 0 . 088 
6 .  0 . 081 
7 .  0 . 065  
8.  0 . 1 52 
9 .  0 . 1 04 
10. 0 . 1 0 8  
1 1 .  0 . 087 
12. 0 .  1 2 1  
13 .  0 . 1 05 
1 4 .  o . 1 1  s 
1 5 .  0 . 1 0 7  
16. o .  1 1 9  
1 7 . 0 . 1 0 4  
1 8 .  0 . . 096 
1 9 .  0 . 084 
20 . 0 . 1 26 
2 1 . 0 . 088 
22 . o .  1 04 
2 3 .  0 . 1 1 1  
24. 0 . 0 74 
25 . 0 . 1 1 2 
26 . 0 .  1 1 8  
2 7 . 0 . 1 20 
28 . 0 .  1 30 
29 . 0 . 1 0 1 
30 . 0 . 09 8  
Tab l e  C . 6  
Res ul ts o f  s i mul ati on runs 
� = 0 . 5  
CWq Lq 
CLq 
w 
0 . 1 0 2  0 . 49 1  0 . 49 1  0 .  1 9 9 
0 . 1 00 0 . 487 0 . 489 0 . 1 9 8 
0 . 09 5  0 . 385 0 . 45 4  0 . 1 88 
0 . 096  0 . 496 0 . 465 0 . 20 3  
0 . 09 5  0 . 45 3  0 . 462 0 . 1 89 
0 . 09 2  0 . 37Z 0 . 447  0 . 1 75 
0 . 089 0 . 298 0 . 426 0 . 1 66 
0 . 09 6 ' 0 . 760 0 . 468  0 . 255 
0 . 09 7  0 . 486 0 . 470 0 . 208 
0 . 09 8  0 .  541 0 . 477 0 . 207  
0 . 09 7  0 . 44 1  0 . 474 0 . 1 85 
0 . 099  0 . 594  0 . 484 0 . 224 
0 . 1 00 0 . 499  0 . 485 0 . 20 3  
0 . 1 0 1  0 . 549 0 . 489 0 . 2 1 2  
0 .  1 0 1  0 . 56 1  0 . 494 0 . 209  
0 . 1 02 0 . 5 79 0 . 500 0 . 2 1 8  
0 . 1 0 3  o . 5 36 0 . 502 0 . 20 1  
0 . 1 02 0 . 47 3  0 . 500 0 . 1 9 3  
0 . 1 0 1  o .  399 0 . 495  0 . 1 83 
0 . 1 02 0 . 608 0 . 500 0 . 22·6 
0 . 1 0 3 0 . 404 0 . 496 0 . 1 87 
0 . 1 02 0 . 498  0 . 496 0 . 208 
0 . 1 02 0 . 56 8  0 . 499  0 . 2 1 1  
0 . 1 0 1 o .  335 0 . 492  0 . 1 7 3 
0 . 1 02 0 . 525 0 . 494 0 . 2 1 8 
0 . 1 02 0 . 55 7  0 -♦ 496 0 . 222  
0 . 1 0 3  0 . 604 0 . 500 0 . 2 20 
0 . 1 04 0 . 6 36 0 . 505 0 . 2 30 
0 . 1 04 0 . 52 1  0 . 505 0 . 200 
0 . 1 0 3 0 . 47 3  0 . 504 0 . 1 96 
61  
N = 1 000 
cw L CL 
0 . 1 9 9 1 . 007 1 .  007 
0 .  1 98 1 . 025 1 .  0 1 6 
a .  1 9 5 0 . 907  0 . 980 
0 .  1 9 7  1 . 0 39 0 . 99 4  
0 .  1 9 5 0 . 99 1  0 . 99 4  
0 . 1 9 2 0 . 837 0 . 96 8  
0 .  1 88 0 .  784 0 . 94 1  
0 .  1 9 7 1 .  305 0 . 987 
0 .  1 9 8 1 . 0 1 9 0 . 990 
0 .  1 99 1 .  066 0 . 998 
0 . 1 98 0 . 9 74 0 . 996 
0 . 200 1 .  1 30 1 .  00 7 
0 . 200 1 . 0 1 4 1 .  00 7 
0 . 20 1  1 .  042 1 .  0 1 0 
0 . 20 1  1 . 1 24 1 . 0 1 8 
0 . 20 3  1 . 09 1 1 . 022  
0 . 202  1 . 054 1 .  024 
0 . 202  0 . 9 74 1 .  0 2 1  
0 . 20 1  0 . 905 1 .  0 1 5 
0 . 202  1 .  1 32 1 . 02 1  
0 . 20 1  0 . 892  1 .  0 1 5 
0 . 202 l . 029 1 .  0 1 5 
0 . 202 1 . 1 1 1 1 . 020 
0 . 20 1  0 . 82 1  1 .  0 1 1 
0 . 202 1 . 066 1 .  0 1 4 
0 . 202 1 . 0 1 2 1 .  0 1 7 
0 . 20 3  1 . 1 4 3 1 .  02 2 
0 . 204 1 . 1 5 7  1 . 026 
0 . 204  1 .  052 1 . 027  
0 . 204  0 . 9 74 1 . 026 
No. 
1 .  
2. 
3 .  
4 .  
5. 
6.  
7 .  
8. 
9. 
1 0. 
1 1 .  
1 2 .  
1 3 . 
1 4 .  
1 5 .  
1 6 .  
1 7 . 
1 8. 
1 9 .  
20 . 
21 . 
22 . 
2 3 .  
24 . 
25 . 
26 . 
27 . 
28 . 
29 . 
30. 
M = 3 
Wq 
Tab l e  C . 7  
Res ul ts of s i mul ati on runs  
� = 0.5 
cwq Lq CLq w 
o. 1 45 0.1 4.S 0.746 0.746 0 . 52 3  
0 . 02 7  0.086 0 . 1 32 0 .439 0.354 
0.056 0.0 76 0 . 2 76 0.384 0 . 384 
0.029 0.064  0.  1 29 0. 32 1 0.31 4 
0 . 02 3  0.056 0 .1 04 0.277 0.350 
0.0 1 9  0.050  0 . 079- 0.244 0.2 78 
0.260 0.080 1 .662 0.447 0 . 6 5 7  
0. 1 0 1 0 .082 · 0.5 1 0  0.455 0.41 0 
0 . 0 1 0  0.0 74 0.043 0.409 0.345 
- o .0 33  0.0 70 0. 1 39 0. 382 0 .  34 3 
0. 1 1 4  0.0 74 0.530 0. 395 0 . 460  
0.0 30 0 $ 07 1  0. 1 27 o .  373 0.326 
0.0 1 0  0.066  0.0 54 0.348 0.26 1 
0.0 34 0.064 0 .200 0 . 338 0.30 1 
0.057  0.06 3 0. 236 0. 331 0. 36 3 
- o .  0 34 0.06 1 0 . 1 5 7  0. 320 0.335 
0.008 0.058  0.048 0 .304 0 . 286 
0 , 0 1 7 0.056 0 . 060 0 . 29 1  0 .  31 3 
0.027  0.054  o .  1 42 0.283 0.289 
0 .. 0 2 3 0.05 3 0. 1 1 6 0.274 0. 325 
0.024 0.052  0.098 0 . 266 0. 336 
0. 1 1 2  0.05 4 0.6 33 0.283 o .  384 
0.0 36 0.05 4  0.1 7 3  0.278 0 . 355 
0.052  0.05 3 0.246 0.277 0. 389 
0.055 0.054  0.240 0.275 0 . 4 1 4 
0.028 0 . 05 3  0 . 1 2 1  0.269 o .  31 6 
0.0 1 1 0.05 1 0 .031 0.260 0 . 334 
0.008  0 . 049 0 . 0 33 0.252  0.294 
0.077 0.050 o .  340 0.255 0.336 
0.0 1 8 0.049 0.057 0.249 0 . 32 3  
6 2  
N = 1 00 
cw L CL 
0.52 3  2. 778 2.778 
0 .4 39 1 .  72 1  2.255 
0 . 42 1  1 . 9 03  2. 1 37 
0. 394 1 .  448 1 .965  
0.385 1. 72 4 1 .  9 1 7 
0. 36 7 1 .  500 1 .847 
0.409 4. 1 75 2 .  1 80 
0.409 2.06 3 2. 1 65 
0.402 1 .  46 3 2 .087 
0. 396 1 .  5 37 2.0 32 
0.402  2.22 3  2.050 
0. 39 5 1 .  465 2.00 1  
0.385 1 .  249 1 . 9 43 
0. 379 1 .  749 1 .  9 32 
0. 378 1 . 69 7 1 .  9 1 7 
0. 375 1 . 6 45 1.900 
0. 370 1. 36 5 1 .868 
0 . 36 7 1 .  336 1.  839 
0 .  36 3 1 .  56 3 1.  824 
0. 36 1 1 . 6 08 1.  81 3 
0.360 1 .  482 1.  798 
0. 36 1 2 .  241 1.  81 8 
0. 36 1 1 .  75 1 1 .  81 5 
o .  36 2 1 .9 33 1 . 820 
0 . 36 4  1.990 1. 82 7 
0 .  362 1 .  500 1 .  81 4 
0. 36 1 1 .  376 1 .  798 
0. 359 1 .  371 1 .783 
0.358 1 . 549 1 .  7 74 
0.35 7 1 . 1 88 1.  75 5 
M = 3 
No . w
q 
1 .  0 . 068 
2 .  0 . 040 
3 .  0 . 05 1  
4 .  0 . 0 34 
5 .  0 . 036 
6 .  0 . 026 
7 0 . 062  
8 .  0 . 009 
9 .  0 . 0 23  
1 0  ♦- 0 . 0 38 
1 1 . 0 . 1 02 
1 2 . 0 . 0 36 
1 3 . 0 . 0 31 
1 4 .  0 . 034 
1 5 .  0 . 0 40 
1 6 .  · 0 . 0 1 8  
1 7 . 0 . 042 
1 8 . o ... 049 
1 9 .  0 . 0 35 
20 . 0 . 044 
2 1 . 0 . 048  
22 . 0 . 0 33 
2 3 .  0 . 0 34 
24 . 0 . 066  
25 . 0 . 046 
26 . 0 . 06 8 
2 7 .  0 . 052  
28. · o  . 041 
29. 0 . 1 1 8 
30 . 0 . 060 
Tab l e  C . 8  
Res ul ts o f  s i �ul ati ori runs  
� = 0 . 5  
cw L
q 
CL w 
q q 
0 . 068  0 . 3 1 8  0 .  31 8 0 . 36 8  
0 . 054  0 . 1 81 0 . 249 0 .  339 
0 . 05 3  0 . 264 0 . 254 0 . 360  
0 . 0 48 0 .  1 81 0 . 236 .0 .  308 
0 . 0 46 0 . 1 72 0 . 223  0 . 35 1  
0 . 0 42 0 . 1 1 4 0 . 205 0 .  321 
0 . 045 0 . 268 0 . 2 1 4 0 .  371 
0 . 040 0 . 0 39 0 . 1 9 2 0 .  30 7 
0 . 0 38 0 . 098 0 . 1 82 0 . 325 
0 . 0 38 0 .  1 6 5  0 . 1 80 0 . 35 1  
0 . 0 44 0 . 555 0 . 2 1 4  0 . 404 
0 . 044 0 .  1 40 0 . 208 0 .  36 3 
0 . 043  0 .  1 28 0 . 202 0 . 380 
0 . 042  0 .  1 29 0 . 1 96 0 .  36 3 
0 . 042  0 . 207  0 . 1 9 7 0 . 32 3  
0 . 0 40 0 . 0 76 0 . 1 90 0 . 298  
0 . 040 0 . 2 1 5  0 .  1 9 1  0 .  326 
0 . 0 4 1  0 . 224 0 . 1 9 3  0 . .  35 1 
0 . 04 1  0 . 1 60 0 .  1 9 1 0 .  3 35 
0 . 04 1  0 . 1 72 0 . 1 90 0 . 36S 
0 . 041 0 . 208 0 .  1 9 1 0 .  346 
0 . 041  0 . 1 5 4 0 . 1 89 0 .  30 7 
0 . 040 0 . 1 78 0 . 1 89 0 . 31 8  
0 . 042 0 .  31 1 0 . 1 9 4 0 .  399 
0 . 042 0 . 226 0 .  1 9 5 0 .  336 
0 . 043  0 .  30 3 0 . 1 99 0 . 380 
0 . 043  0 . 249 0 . 20 1  0 .  374 
0 . 043  0 . 1 74 0 . 200 0 . 384 
0 . 046 0 . 543 0 . 2 1 2  0 . 4 78 
0 . 046 0 . 3 1 6 0 . 2 1 6  0 . 371 
6 3  
N = 200 
cw L CL 
0 .  368 1 .  71 8 1 .  71 8 
0 . 35 3  1 .  70 7 1 .  71 2 
0 . 35 5  1 .  9 35 1 .  787 
0 . 344 1 .  6 4 1 1 .  750 
0 . 345 1 .  7 73  1 .  755 
0 . 34 1  1 . 56 3  1 .  72 3 
0 . 345 1 .  759 1 .  728 
0 . 34 1  l .  406 1 . 688 
0 . 339 1 . 46 7  1 .  66 3 
0 . 340 1 . 5 87 1 .  656 
0 . 346 2 . 224  1 ·• 70 7 
0 . 34 7  1 .  597  1 . 698 
0 . 350 1 .  806 1 .  706 
0 . 35 1  1 .  5 85 1 . 698 
0 . 349 1 .  728 l .  700 
0 . 346 1 .  39 2 1 .  680 
0 . 345 1 .  785 1 . 687 
0 . 345 1 .  70 2 1 . 687 
0 . 344 1 • 6 1 5  1 .  684 
0 . 345  1 . 6 43  1 .  682 
o · . 346 1 . 84-4 1 . 689 
0 . 344 1 .  5 80 1 . 684 
0 .  34 3 1 . 6 7 3  1 .  684 
0 . 345  1 . 9 5 7  1 . 69 5  
0 . 345  1 .  745 1 . 69 7 
0 . 346 1 .  769 1 .  700 
0 .  34 7 1 .  89 5 1 .  70 7 
0 . 34 7  l .  86 2 1 .  71 3 
0 . 35 3  2 . 287 1 .  733 
0 . 35 3  2 . 0 20 1 .  742 
M = 3 
No . w
q 
1 .  0 . 05 4  
2 .  0 . 042 
3 .  0 . 0 30 
4 .  0 . 0 35 
5. 0 . 0 30 
6 .  0 . 0 7 3  
7 .  0 . 0 33  
8 .  0 . 029 
9 .  0 . 045  
1 0 .  0 . 0 39 
1 1 .  · 0 ;  041  
1 2 .  0 . 050  
1 3 . 0 . 05 7  
1 4 . 0 . 046 
1 5 .  0 . 0 68  
1 6 .  0 . 0 2 5  
1 7 . 0 . 0 33 
1 8 . 0 . 02 7  
1 9 .  0 . 0 35 
20 . 0 . 0 38 
2 1 . 0 . 026 
22 . 0 . 0 8 3  
2 3 .  0 . 049 
24 . 0 . 0 39 
2 5 . 0 . 090 
26 . 0 . 0 4 7  
2 7 .  0 . 0 46 
28 .  ·o . 0 32 
29 . 0 . 0 1 9 
30 , 0 . 0 30 
Tab l e  C . 9  
Res ul ts o f  s i mu l ati on runs 
\' = 0 . 5  
cw
q 
_Lq Clq w 
0 . 054  0 . 2 5 7  0 . 25 7  0 . 35 3  
0 . 048 0 . 2 2 3  0 . 240 0 . 334 
0 . 042 0 . 1 40 0 . 20 7  0 . 335 
0 . 040 0 . 1 5 1 0 . 1 9 3 .0 . 337 
0 . 0 38 0 . 1 35 0 . 1 81 0 . 330 
0 . 044 0 . 344 0 . 20 8 0 .  39 1 
0 . 042 0 . 1 25 0 .  1 96 0 . 36 8  
0 . 0 41  0 . 1 32 0 . 1 88 0 . 308  
0 . 041 0 . 2 1 9  0 . 1 9 2 0 .  337 
0 . 041  0 . 1 6 3 0 . 1 89 0 . 349 
0 . 041  0 . 1 81 0 . 1 88 0 . 328  
0 . 042 0 . 245 0 . 1 9 3 0 .  35 8 
0 . 04 3  0 . 265  0 . 1 98 0 .  356 
0 . 04 3  0 . 2 1 6  0 . 200 0 . 378 
0 . 045 0 .  32 1 0 . 208  0 . 388 
0 . 0 44 0 . 1 0 3  0 . 20 1  o .  320 
0 . 043  0 . 1 6 2  0 . 1 99 0 . 339 
0 . 042 0 . 1 26 0 . 1 9 5 0 .  331  
0 . 042 0 . 1 6 2  0 . 1 9 3 0 .  332 
0 . 04 1  0 . 1 72 0 . 1 9 2 0 . 3 37 
0 . 041  0 . 1 24 0 . 1 89 0 . 3 1 0  
0 . 043  0 . 41 3  0 . 1 99 0 . 4 1 0  
0 . 04 3  0 . 2 37 0 . 20 1  0 . 35 2  
0 . 043  0 .  1 59 0 . 1 99 0 .  329 
0 . 045 0 . 4 70 0 . 2 1 0  0 .  396 
0 . 045 0 . 2 32 0 . 2 1 1 0 .  349 
0 . 0 45 0 . 2 1 8 0 . 2 1 1  0 . 340 
0 . 044 0 . 1 59 0 . 209  0 .  31 7 
0 . 04 3  0 . 080 0 . 205  0 . 29 3  
0 . 0 4 3  0 .  1 38 0 . 20 2  0 .  31 6 
64 
N = 400 
cw L CL 
0 . 35 3  1 .  72 7 1 .  72 7 
0 . 343  1 .  81 1 l .  769 
0 .  341 1 . 6 7 3  1 .  7 3 7  
0 . 340 1 .  589 1 .  70 0 
0 . 338 1 .  5 29 1 . 606 
0 . 347  1 .  9 21 1 .  708 
0 . 350 1 . 6 7 7 1 .  704 
0 . 345 1 . 5 37 1 . 6 83 
0 . 344 1 .  74 1 1 .  689 
0 . 344 1 .  6 39 1 .  6 84 
0 . 34 3  1 .  71 4 1 . 687 
0 . 344 1 .  833 1 . 699 
0 . 345 1 .  760 1 .  70 4 
0 . 347  1 .  883 1 . 71 7 
0 .  350 1 .  929 1 . 7 31 
0 . 348 1 .  505 1 .  71 7 
0 . 347 1 .  708 1 . 71 6 
0 . 34 7  1 .  60 7 1 .  71 0 
0 . 346 1 .  6 5 1  1 .  70 7 
0 . 345 1 .  690 1 .  70 6 
o ·. 344 1 .  5 39 1 . 69 8  
0 . 34 7  . 2 .  1 25 1 .  71 8 
0 . 34 7  1 .  80 5 1 .  72 1 
0 . 346 1 .  5 72 1 . 71 5 
0 . 348 2 .  1 6 1  1 .  733 
0 . 348 l .  79 3 1 .  735 
0 . 348 1 .  682 1 .  733 
0 . 34 7  1 .  586 1 .  728 
0 . 345 1 . 4 74 1 .  71 9 
0 . 344  1 .  5 35 1 .  737 
M = 3  
No . Wq 
1 .  0 . 03 7  
2 .  0 . 049 
3 .  0 . 0 31 
4. 0 . 0 34 
5 .  0 . 05 2  
6 .  0 . 0 1 9  
T. 0 . 029  
8 .  0 . 06 1  
9 .  .o . 02 3  
1 0 .  0 . 080 
1 1 . 0 . 0 1 6  
1 2 .  0 . 043  
1 3 . 0 . 058  
1 4 . 0 . 056  
1 5 . 0 . 0 37 
1 6 .  0 . 082 
1 7 . 0 . 044 
1 8 . 0 � 0 70 
1 9 .  0 . 036 
20 . 0 . 060 
2 1 . 0 . 05 4  
22 . 0 . 028  
23 .  0 . 042 
24 . 0 . 05 1  
25 . 0 . 0 39 
26 . 0 . 041  
2 7 . 0 . 06 1  
28 .  0 . 050 
29 . 0 . 041 
30 . 0 . 082 
Tab le C . 1 0  
Res ul ts o f  s i mul ati on runs 
� = 0 . 5 
cwq . Lq Clq w 
0 . 0 37 0 . 1 6 4  0 . 1 6 4  0 .  35 2 
0 . 043  0 . 20 7  0 . 1 86 0 . 358  
0 . 0 39 0 . 1 34 0 . 1 6 8 0 .  332 
0 . 0 38 0 .  1 71 0 . 1 6 9  · 0 .  340 
0 . 0 41 0 . 240 - 0 . 1 83 0 . 358  
0 . 0 37 0 . 087 0 . 1 6 7 0 .  30 3 
0 . 0 36 0 . 1 25 0 .  1 6 1  0 .  336 
0 . 0 39 0 . 290 0 . 1 7 7 0 . 354  
0 . 0 37 0 . 098 0 . 1 6 8 0 . 32 2  
0 . 04 1  0 . 398  0 .  1 9 1 o .  386 
0 . 0 39 0 . 073  0 . 1 80 0 .  30 7 
0 . 0 39 0 . 1 83 0 . 1 80 0 . 358 
0 . 04 1  0 . 284 0 . 1 88 0 .  36 2 
0 . 042 0 . 2 73  0 . 1 9 4 0 . 347  
0 . 0 42 0 . 1 81 0 . 1 9 3  0 .  349 
0 . 044 0 .  431 0 . 208 0 . 40 1  
0 . 0 44 0 . 2 33 0 . 2 1 0  0 .  349 
0 . 046 0 . 3 1 2  0 . 2 1 5 0 . 375 
0 . 045 0 . 1 80 0 . 2 1 3  0 .  32 4 
0 . 046 0 . 289 0 . 2 1 7 0 . 374 
0 . 046 0 . 2 56 0 . 2 1 9 0 .  346 
0 . 045 0 . 1 36 0 . 2 1 5 0 .  31 8 
0 . 045 0 . 2 1 0  0 . 2 1 5 0 . 343  
0 . 045 0 . 25 1  0 . 2 1 7 0 . 35 1  
0 . 045 0 . 1 86 0 . 2 1 5  0 . 344 
0 . 0 45 0 . 1 96 0 . 2 1 5 0 .  35 3 
0 . 046 0 .  308 0 . 2 1 8 0 . 35 3  
0 . 046 0 . 225  0 . 2 1 8 0 . 359 
0 . 046 0 . 1 74 0 . 2 1 7 0 . 338 
0 . 047  0 . 426 0 . 2 24 0 .  390 
65 
N = 600 
cw L CL 
0 .  35 2 1 . 604  1 .  604 
0 . 355 1 .  7 1 0 1 . 6 5 7  
0 . 347 1 . 6 2 7  1 . 647  
0 . 346 1 .  796 1 .  684 
0 . 348 1 . 75 2  1 .  6 98  
0 .  34 1 1 . 4 1 9  1 .  6 5 1  
0 . 340 1 . 6 1 6  1 .  646 
0 . 342 1 .  748 1 . 659 
0 . 3 39 1 .  5 74 1 . 650 
0 . 344 1 . 984 l . 683  
0 . 34 1  1 .  4 1 5 1 . 6 59 
0 . 34 2  1 .  6 36 1 . 6 57  
0 . 344 1 .  834 1 .  6 70 
0 . 344 1 .  772 1 . 6 78  
0 . 344 1 .  81 9 1 . 687  
0 . 348 2 .  1 83 1 .  71 8 
0 . 348 1 .  86 7 1 .  72 7 
0 . 349 1 .  725  1 .  728 
0 . 348 1 . 688 1 .  726 
0 . 349  1 .  889 1 .  734 
0 .  349 1 .  8 1 1 1 .  738 
0 . 348 1 . 6 1 4  1 .  732 
0 .  348 1 .  781 l .  734 
0 . 348 1 .  82 1 1 .  7 38 
0 . 348 1 .  699  1 . 737 
0 . 348 1 .  7 32 1 .  7 36 
0 . 348 1 .  85 3 1 .  74 1 
0 . 348 1 . 698  1 .  739 
0 . 348 1 .  555 1 .  733 
0 . 349 2 . 028 1 .  74 3 
M = 3 
No . Wq 
1 .  o .  031 
2 .  0 . 0 5 1  
3 .  0. 0 35 
4 .  0 . 0 30 
5 .  0. 034 
6 .  0. 026 
7 .  0. 027  
8 0. 038 
9 .  0. 069 
1 0. 0. 0 38 
1 1 . 0 . 049 
1 2 .  0. 0 48 
1 3 . 0 . 046 
1 4 .  0 . 047 
1 5. 0 . 0 34 
1 6. 0. 05 1  
1 7. 0 . 05 1  
1 8. 0 �-030 
1 9 .  0 . 05 3  
20. 0 . 033 
2 1 . 0. 05 1 
22 . 0 . 040 
2 3 .  0 . 083  
24 . 0. 029 
25 . 0. 044 
26 . 0 . 028  
2 7 . 0 . 047 
28 . 0. 0 38 
29 . 0. 05 1 
30 . 0 . 0 72 
Tab l e  C .  1 1  
Res ul ts of s i mul ati on runs 
� = 0. 5 
cw q . Lq Clq w 
0 . 0 31 0 . 1 44 0 . 1 44 0 .  336 
0 . 04 1  0. 25 1 0 . 1 9 7 0 .  34 8 
0 . 0 39 0 . 1 6 7  0 . 1 87 0 . 347  
0 . 037  0 . 1 37 0 . 1 75 . 0 .  32 3 
0. 0 36 0 . 1 6 3- 0 . 1 72 0 . 320  
0 . 0 34 0 . 1 1 1  0 . 1 6 2  0 . 32 2  
0 . 0 33 0 . 1 2 2  0 . 1 56 0 .  31 1 
0 . 0 34 0 .  1 71 0 . 1 58 0 . 338 
0 . 0 38 0. 329 0 . 1 77 0.  386 
0 . 038 0 . 1 6 7 0 . 1 76 0. 334 
0 . 039 0 . 227  0 . 1 81 0 . 347 
0 . 0 39 0 . 2 32 0 . 1 85 0 .  35 1 
0 . 0 40 0 . 2 1 4 0 . 1 87 0 . 35 1  
0. 040 0 . 21 4 0 . 1 89 0. 35 5 
0 . 040 0 . 1 6 2  0 . 1 87 0 .  31 l 
0 . 041 0 . 247 0 .  1 9 1 0 . 347 
0. 041 0 . 240 0 . 1 94 0 . 356  
0 . 041 0 . 1 34 0.  1 9 1 0 . 326 
0 . 041 0 . 26 5  0 . 1 9 5 0 . 348 
0. 041 0 . 1 1 5 0 . 1 9 3 0 . 32 1  
0 . 041  0 . 224 0 . 1 94 0 . 344 
0 . 041  0 . 1 72 0 . 1 9 3 0 . 350 
0 . 04 3 0 . 4 1 7 0 . 203 0 . 39 7  
0 . 043  0 . 1 37 0 . 200 0 . 30 8 
0 .  0�- 3 0 . 2 1 5 0 . 201 0 .  34 1 
0 ,042 0 . 1 1 9 0 .  1 9 7 0 .  31 7 
0. 042  0 . 20 1  0 . 1 98 0 . 35 3  
0 . 042  0 . 1 74 0 .  1 9 7 0 . 342 
0 . 042 0 . 2 37 0 . 1 98 0 . 354 
0 . 043  0 .  35 1 0 . 203 0 . 375 
66 
N = 800 
cw L CL 
0 . 3 36 1 .  6 75 1 . 6 75 
0 . 342 1 .  748 1 . 71 1 
0 . 344 1 .  71 9 1 .  71 4 
0 . 339 1 . 5 7 7  1 .  680 
0 . 3 35 1 . 607  1 . 6 6 6  
0 . 3 3 3  1 .  59 2 1 . 6 5 3  
0 . 330 1 .  5 31 1 .  6 36 
0 .  331 1 . 6 6 5  1 .  6 39 
0 . 337  1 .  9 75 1 . 6 77 
0 . 3 37 1 . 6 1 2  l .  6 70 
0 . 338 1 .  724 1 .  6 75 
0 . 3 39 1 .  722  1 .  6 79 
0 . 340 1 . 6 96  1 .  680 
0 . 341 1 .  7 36 1 . 684 
0. 3 39 1 . 5 42  1 .  6 75 
0 . 3 39 1 .  71 8 1 . 6 78 
0 . 340 1 .  76 6 1 . 6 8 3  
0 . 3 39 1 . 6 0 5  1 . 6 78 
0 . 339 1 .  84 3 1 . 687 
0 � 340 1 .  60 3 1 . 683  
0 .  339 1 .  6 80 1 . 68 3  
0 . 340 1 .  6 36 1 .  681 
0 . 342 2 . 040 1 . 696  
0 .  341 1 • 5 1 2 1 . 689 
0 .  341 1 . 69 6  1 .  689 
0 .  340 1 .  476 1 . 681 
0 . 340 1 .  649 1 .  6 79 
0 . 340 1 .  656  1 .  6 79 
0 .  341 1 .  75 3 1 .  681 
0 . 342 1 . 8 78 1 . 688 
M = 3 
No . Wq 
1 .  0 . 042  
2 .  0 . 048  
3 .  0 . 059  
4 .  0 . 048 
5 .  0 . 0 39 
6 .  0 . 042 
7 !" 0 . 049 
8 .  0 . 06 7  
9 .  0 . 0 49 
1 0 .  · . 0 .  0 38 
1 1 .  0 . 083 
1 2 . 0 . 05 2  
1 3 . 0 . 05 8  
1 4 .  0 . 040 
1 5 . 0 . 0 30 
1 6 .  0 . 05 1  
1 7 . 0 . 09 4  
1 8 . 0 .. 043  
1 9 .  0 . 029  
20 . 0 . 0 42 
2 1 . 0 . 0 44 
2 2 . 0 . 0 38 
2 3 .  0 . 0 30 
24 . 0 . 0 54  
25 . 0 . 044 
26 . 0 . 0 75 
2 7 .  0 . 048 
2 8 .  0 . 0 34 
29 . 0 . 048 
30 . 0 . 06 8  
Tab l e  C .  1 2  
Res ul ts of s i mul ati on runs 
� = 0 . 5  
_cw
q 
Lq Clq w 
0 . 042 0 . 1 99 0 . 1 99 0 . 328  
0 . 04 5  0 . 224 0 . 2 1 2 0 .  350 
0 . 050  0 . 293  0 . 2 39 0 . 380 
0 . 0 49 0 .  21 9 0 . 2 34 0 . 340 
0 . 0 4 7  0 .  1 86 0 . 2 24 0 . 338 
0 . 0 46 0 . 1 9 7 0 . 220  0 . 345 
0 . 0 4 7  0 . 247  0 . 224 0 . 346 
0 . 049 0 .  31 9 0 . 2 36 0 . 380 
0 . 0 49 0 . 240 0 . 2 36 0 . 35 3  
0 . 0 48 0 . 1 7 3 0 . 2 30 0 .  336 
0 . 05 1  0 . 378 0 . 243 0 . 406  
0 . 0 5 1  0 . 246 0 . 243  0 .  34 1  
0 . 0 5 2  0 . 29 1  0 . 247 0 . 358 
0 . 05 1  0 . 1 83 0 . 243  0 . 333 
0 . 0 50 0 . 1 34 0 . 2 35 0 .  32 3 
0 . 050  0 . 244 0 . 2 36 0 .  355 
0 . 05 2  0 . 477 0 . 250 0 . 4 1 5  
0 . 05 2  0 . 205 0 . 248 0 .  35 2 
0 . 05 1  0 .  1 32 0 . 2 41 0 .  32 1 
0 . 050  0 .  l 86 0 . 2 39 0 . 337 
0 . 050  0 . 200 0 . 2 37 0 .  356 
0 . 0 49 0 . 1 81 0 . 2 34 0 .  340 
0 . 048 0 .  1 42 0 . 230 0 . 329  
0 . 049 0 . 2 5 4  0 .  2 31 0 .  370 
0 . 048 0 . 20 7  0 . 230 0 . 34 7  
0 . 050  0 . 37 3  0 . 2 36 0 . 378 
0 . 0 49 0 . 2 31 0 . 2 36 0 . 34 3  
0 . 0 49 0 . 1 5 0 0 . 2 33 0 .  34 3 
0 . 049 0 . 224 0 . 232 0 . 35 3  
0 . 050  0 .  32 1 0 . 2 35 0 .  368 
6 7  
N = 1 000 
cw L CL 
0 . 32 8  1 .  6 20 l .  6 20 
0 . 3 39 l • 75 1 l .  686 
0 . 35 3  2 . 0 1 7 1 .  79 6 
0 . 350 1 . 6 24 l .  75 3 
0 . 34 7  1 .  6 76 1 .  738 
0 . 347 1 .  730 1 .  736 
0 . 34 7  1 .  7 73  l .  742 
0 . 35 1  l .  889 1 .  760 
0 .  35 1 1 .  798 1 .  76 4 
0 . 350 1 . 6 44 l .  75 2 
0 . 355  1 . 9 2 7  1 .  76 8 
0 . 35 4  1 . 69 5  l .  76 2 
0 .  35l'lt 1 .  89 7 1 .  772 
0 .  35 3 1 .  6 79 1 .  766 
0 .  35 1 1 . 56 1 1 .  75 2 
0 .  35 1 1 .  799 1 .  755 
0 . 355  2 . 1 47 1 .  778 
0 . 35 4  l .  7 38 1 .  7 76 
0 . 35 3  1 .  584 1 .  76 6 
0 . 35 2  1 .  596 1 .  758 
0 . 35 2  1 .  764 1 .  758 
0 . 35 2  1 . 71 4 1 .  75 6 
0 .  35 1 1 .  6 56 1 .  75 2 
0 .  35 1 1 .  86 1 1 .  75 6 
0 .  35 1 1 .  7 34 1 .  75 5 
0 . 35 2  1 . 9 53 1 .  76 3 
0 . 35 2  1 .  755 1 .  76 3 
0 . 35 2  1 . 6 25 1 .  758 
0 .  35 2 1 .  75 4 1 .  758 
0 . 35 2  1 .  882 1 .  76 2 
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Appe ndix D 
Sample ' t '  test 
The results obtained from the first ten runs  are taken  from 
Table C. 6, and the standard devi ati on i s  calculated. 
No. X ·  
2 x .  l l 
1 1 . 007  1 .  01 4 
2 1 .  025 1 .  05 1 
3 0.907  0. 82 3 
4 1 . 0 39 1 .  080 
-5 0.991 0. 982 
6 0.837 0. 70 1 
7 0. 784 0. 6 1 5  
8 1. 305 1 .  70 3 
9 1 . 0 1 9  1 . 0 38 1 0  1 . 066 1. 1 36 
2 X; = 9.980 X; =1 0. 1 42 
Mean x =  � X; = 0. 998 
V ariance = 1 
n - 1  
= 1 (1 0. 1 42 - 9.96) 
= 0. 1 82 
9 
. =0.020 
Standard deviatio� 
t test : 
'5 = J 0.020 
= 0 .1 40 
A = population val ue of the statistic 
= 1.00 
o<. = l evel of si gnificance 
= a . as 
-v = degrees of freedom = n-1 = 1 0-1 = 9 
t : Ci.-- A ) / ( �/V\) 
= 0.998 - 1 . 000 
0.1 41 / flo 
= 0.045 
. .. 1 2 . 26 2
1 
Theoret1 ca t _05 ,9 = 
·Calculated t < t.os ,9 
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The cal culated value of t is not significant, That is , the 
cumulative average is not different from the true value of the 
statistic. 
1 .  The theoretical value of ' t ' is obtai ned fro Tabl e A.3 in 
Reference 1 O. 
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Tab l e D . 1  
Cal cu l ated val ues of t 
·M=l . e =O . 5 
Stati s ti c N = 1 00 200 400 600 800 1 000 
n 
wq 5 0 .  7 36 0 . 884 1 .  0 39 7 .  36 2* o .  71 9 1 . 4 1 3 
1 0  1 .  470 0 . 9 70 1 . 6 25 1 . 084 0 . 889 0 . 220 
15 0 . 471 0 . 550 0 . 4 30 1 .  76 3 0 . 737 0 .  244 
20 0 . 59 5  0 . 756 0 . 505  2 . 326* 0 .  5 34 0 . 56 3  
25 0 . 76 1  0 . 928 0 . 2 49 2 . 883* 0 . 587 0 . 404 
30 0 . 6 40 1 . 2 70 0 . 244 2 . 997* 1 . 055 1 .  056 -
Lq 5 0 . 785 1 . 1 86 0 . 9 52 6 . 46 8* 0 . 0 1 2  l .  81 0 
1 0  1 .  5 31 0 . 9 1 6  0 . 85 3  1 . 473  0 . 6 74 0 . 592 
1 5  0 . 6 34 0 . 403  0 . 090 2 . 225* 0 . 729 0 . 2 1 0  
20 0 . 865  0 . 609 0 . 1 82 2 . 836 * 0 .  1 71 0 . 0 1 6  
25 0 . 948 0 . 9 53  0 . 980 3 . 360* 0 . 71 2  0 .  332 
30 0 .  781 0 . 1 84 0 . 839 3 . 460* 1 .  3 38 0 . 096 
w 5 0 . 6 20 0 . 75 1  1 .  036 7 .  89 3* 1 .  75 1 1 .  564 
1 0  1 .  096 0 . 9 1 0  1 .  908 1 .  1 50 0 . 20 1  0 .  1 58 
1 5  0 . 586 0 . 502 0 . 524 1 .  843 0 .  339 0 . 245 
20 0 . 752  0 . 75 4  0 . 6 26 2 .  4 70*  0 . 296 0 . 462 
25 0 . 997  0 . 836 0 . 071 2 . 9 75* 0 . 248  0 .  383 
30 0 . 9 1 9  1 . 1 55 0 . 1 1 1  2 .  9 34* 0 . 49 3  1 . 0 1 0 
L 5 0 . 598 1 .  31 2 1 . 6 4 3  5 .  5 38* 0 . 899 0 . 268 
1 0  0 . 969  0 . 580 1 . 800 0 . 86 2  0 . 0 1 3 0 . 045 
1 5  0 . 838 0 . 0 39 0 . 55 1  1 . 509 0 . 25 5  0 . 554 
20 1 . 244  0 . 2 1 5  0 . 605 1 .  835 0 . 849 0 . 827 
25 1 .  330 0 . 466 0 . 1 35 2 . 1 75* 0 .  35 8 0 . 599 
30 1 . 2 1 9  0 . 5 77 0 . 1 58 2 .  1 6 8* 0 . 0 1 4  1 .  270 
Theoreti ca 1 va l ues of t 
df 4 9 14 19 24 29 
t 2 . 776 2 . 262  2 . 1 45 2 . 09 3  2 . 064  2 .  045 
*t i s  s i gn i fi cant  at . 05 l eve l . 
The the ore ti ca l val ues are ob tai ne d from Tab l e  A . 3 i n  Re fe rence 1 0 .  
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Tab le D. 2 
Cal cul ate d val ues of t 
M= 3  � =0.5 
Stati s ti c  N = 1 00 . .  200 400 6 00 800 1000 
n 
·-
wq 5 0. 39 1 0. 1 9 1  1 .946 1 .  5 32 2.832* 0.058 
10 0.9 32 1 .469 1. 381 0.9 19 2.205 0.384 
15 0.927 0.878 0.628 1 . 1 6 8  2.296* 0. 76 5 
20 0.428 1. 377 1 .85 3 0. 27 1  2.377* 0 .875 
25 0.5 74 1 .402 0.657  0.505 1 .594 0.502 
30 0.2 34 0 .2 1 1  1.274 0.042 1. 406 0 . 909 -
L 5 0.334 0.476 2.256 2.9 33* 3.16 1 *  0.69 1 
1 0  0.9 1 3 2. 1 1 9 2. 1 4 3  1 .  56 1  2.9 1 8* 0 . 494 
1 5  o .  86 7 1 .260 1 .6 34 l .  9 1 7 3. 35 3* 0. 1 06 
20 0.447 1 .9 1 6  2.995* 0.9 1 1 3.486* 0.090 
25 0.554 2.073* 1 .  45 1 1 .220 2.6 1 9* . 0. 436 
30 0 .1 99  1 .  02 3 2 .1 0 7* 0.795 2.59 7* 0. 1 26 
H 5 1 .048 0. 1 72 2. 31 7 0. 1 9 3  2.087 0.022 
1 0  1 .  368 0.928 0.389 0.401  1. 572 0.468 
15 1. 1 6 9  0.258 0 .49 2 0.486 1.6 33 0.597 
20 0.662 0.26 1 0.31 4 0.425 2.026 0. 85 3 
25 0.995 0.428 0.2 30 0 .1 22 1. 5 1 5 0.884 
30 0.668  0.947 0.590 0.587 1. 34 1 1. 262 
L 5 0.79 1  o .  358 1. 431 1 .0 76 2.2 1 5  0.008 
1 0  l .095 1 .645 1. 362 1 . 120 1. 6 79 0. 381 
1 5  0.952 o .  724 0 .1 85 1. 255 2.1 90* 0.445 
20 0.5 1 9  1 .  32 5 1. 1 1 0 0.099 2. 26 8* 0.60 3 
25 0.750 1. 1 06 0.1 1 5  0.047 1 .927  0.65 3 
30 0 .1 73  0 .1 37 0. 76 8 0 . 1 59  2.074* 0.677 
Theo  re ti ca 1 val ues o f  t 
df 4 9 1 4  1 9  24  29 
t 2. 776 2.26 2 2 .1 45  2.09 3 2.064 2.045 
*t i s  s i gn i fi cant at .05 l e ve l. 
The the ore ti ca_l va l ues are obtai ne d from Tab l e  A.3 in Reference 1 0. 
Tab l e  D. 3 
Results of the test on confidence 
M=l � =0.5 
· IL = l . 96 cr  spread of the distribution is within the limits 
0L = 1 • 96- O"' sp-read of  the dis tri btui on is o utside the 1 i mi ts. 
N = 1 00 200 400 600 800 
11 
Wq 5 0L 0L 0L 0L 0L  1 0  0L 0L 0L 0L 0L 
1 5  0L 0L 0L 0l 0L  
20 0L 0L 0L 0L 0L 
25 0L 0L IL 0L  0L 
30 0l 0L 0L 0L  0L  
Lq 5 0L 0L 0L 0L IL 10 0L 0L 0L 0l 0L 
15 0L 0L 0L 0L IL 
20 0L 0L 0L 0L IL 
25 0L 0L 0L 0L IL 
30 0L 0L -- 0L 0L IL 
w 5 0L 0L 0L 0L IL 
10 0L 0L 0L IL, IL 
15 0L 0L IL IL IL 
20 0L 0L IL IL IL 
25 0L 0L IL IL IL 
30 0L 0L IL IL IL 
L 5 0L 0L 0L 0L IL 
1 0  0L 0L 0L 0L IL 
15 0L 0L IL 0L IL 
20 0L 0L IL IL IL 
25 0L 0L IL IL IL 
30 0L 0L IL IL IL 
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1 000 
0L 
0L 
0L 
0L 
IL 
IL 
0L 
0L 
0L 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
IL 
Tabl e 0. 4 
Res ul ts of the tes t on confide nce 
M=3 '( =O . 5  
I L = 1 . 96 � s pre ad o f  the dis trib tuion i s  within the l i mits.  
OL = 1 . 96 , s pread of  the dis trib ution is  o utside the l imits . 
N = 1 00 200 400 600 800 1 000 
n 
Wq 5 OL OL OL OL O L  OL 
1 0  OL OL OL OL OL OL 
15 OL OL OL OL OL OL  
20 OL OL OL OL OL OL 
25 OL OL OL OL OL OL 
30 OL OL OL OL OL OL 
Lq 5 OL OL OL OL OL  OL 
· 10 OL OL OL OL OL OL 
15 OL OL OL OL OL OL 
20 OL OL OL OL OL OL  
25 OL OL OL OL OL OL 
30 OL OL OL OL · OL  DL 
w 5 OL · ·  I L  I L  I L  I L  I L  
10 OL I L  I L  I L  I L  I L  
15 OL I L  I L  I L  I L  I L  
20 OL I L  I L  I L  I L  I L  
25 OL I L  I L  I L  I L  I L  
30 OL I L  IL I L  I L  I L  
L 5 OL I L  I L  I L  I L  I L  
10 OL OL I L  I L  I L  I L  
15 OL IL I L  I L  I L  I L  
20 OL  IL  I L  I L  I L  I L  
25 OL I L  I L  I L  I L  I L  
30 OL I L  I L  I L  I L  I L  
73 
